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Linear Classification
(Part II: Perceptron)

nanopoulos@ismll.de
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A Model for the Neuron
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The Perceptron model

Training data: ( ) ( )1 1 N Ny yx x

Two class targets:   +1 for C1, -1 for C2

Perceptron

Training data: ( ) ( )1 1, ,..., ,N Ny yx x

Activation function: sign function
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Perceptron 
Modelx { }ˆ 1, 1y∈ − +

y(x) = f(wTx)
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w
Visually, wTx is the 
distance you get if 
you “project x onto 
w”w

X1

x2

The line perpendicular to 
w divides the vectors 
l ifi d iti f

In 3d: line plane
In 4d: plane hyperplane
…

-W classified as positive from 
the vectors classified as 
negative.

)(sign)...sign(ˆ 2211 xw ⋅=+++= nnxwxwxwy

w

-W

M di b tMediaboost.com



11/13/2008

4

w

-W

Notice that the separating hyperplane goes 
through the origin…if we don’t want this we 
can preprocess our examples:

nxxx ,...,, 21=x

xxx1=x nxxx ,...,,,1 21=x

)(sign)...sign(ˆ 2211 xw ⋅=+++= nnxwxwxwy

)(sign)...1sign(ˆ 22110 xw ⋅=++++= nnxwxwxwwy

Training the Perceptron
• Find w that minimizes an error function on 
all training points

• A possible error function is the number of 
misclassified points
• Piecewise constant

• Unsuitable for optimization
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The Perceptron criterion

• We seek a vector w such that:
• wTxn > 0 ∀ xn ∈ C1      (tn = +1)

• wTxn < 0 ∀ xn ∈ C2 (tn = ‐1)

• Equivalently:
• wTxn tn > 0 ∀ xn

• For each x associate error equal to:• For each xn associate error equal to:
• 0, if xn is classified correctly

• ‐wTxn tn , if xn is classified incorrectly
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Minimization function

x

• How to minimize this function?

• We now a way: set derivative equal to 0

• Can we apply it here?

• No!

• Do we have other ways?
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Gradient descent (single variable)
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Gradient descent (single variable)
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Gradient descent (single variable)
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Gradient descent: algorithm
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Gradient descent: algorithm
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Gradient descent: algorithm
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Gradient descent: algorithm
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Gradient descent: algorithm
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Gradient descent: algorithm
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Learning rate
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Learning rate
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Gradient operator for high dimensions
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The Gradient Properties

The gradient defines (hyper) plane 
approximating the function infinitesimallyapproximating the function infinitesimally

y
y
fx

x
fz Δ⋅

∂
∂

+Δ⋅
∂
∂

=Δ

(intuitive: the 
gradient points to the 
greatest change 
direction)
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Gradient descent: algorithm for high dim
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Stochastic gradient descent
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And now, back to Perceptron
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Minimize error with stochastic gradient 
descent

xx

x

For simplicity, set η = 1 (learning rate)
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p y, η ( g )
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Intuitive explanation

We cycle through the training patterns in turn, 
d f h ttand for each pattern xn:

• if it is correctly classified, then w remains 
unchanged

• if it is incorrectly classified, then
• for class C1 we add x onto w while• for class C1 we add xn onto w while

• for class C2 we subtract xn from w.
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Example (+1, ‐1)
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Example (+1, ‐1)

31

Arithmetic example
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Arithmetic example
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Arithmetic example
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Arithmetic example
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Arithmetic example: result
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Convergence theorem
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Convergence theorem
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Convergence theorem
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Convergence theorem
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Many solutions
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Nonlinear cases
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