Regression
(Part 1)
nanopoulos@ismill.de

The regression problem

Example: how does gas consumption
depend on external temperature?
(Whiteside, 1960s).

weekly measurements of
e average external temperature
e total gas consumption (in 1000 cubic feet)

* How does gas consumption depend on external
temperature?

* How much gas is needed for a given temperature ?
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Is linear the only option?

Gas consumption (1000 cubic feet)
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linear model more flexible model
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Variable types
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numerical / interval-scaled / quantitative

where differences and quotients etc. are meaningful, e.g.,
temperature, size, weight

nominal / discrete / categorical / qualitative

where differences and quotients are not defined, usually with a
finite, enumerated domain, e.g., X := {red, green, blue}

ordinal / ordered categorical

where levels are ordered, but differences and quotients are not
defined, usually with a finite, enumerated domain, e.g., X :=
{small, medium, large}
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Definitions: predictors and target

Let

X1, Xa,..., X, be random variables called predictors (or inputs,
covariates).
Let X'y, Xy, ..., &} be their domains.
We write shortly
X = ()(1‘ )(2, ssa 1Xp)
for the vector of random predictor variables and
/YZ:/-‘le/YQX XXP
for its domain.

Y be a random variable called target (or output, response).
Let ¥ be its domain.

D C P(X x Y) be a (multi)set of instances of the unknown joint
distribution p(X,Y") of predictors and target called data.
D is often written as enumeration

D= {[1"1‘ yl)‘ (31‘2, '3,"2) ----- (_xﬂ-.- yn)}
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Definitions: regression classification

The task of regression and classification is
to predict Y based on X,
i.e., to estimate

riz) =EY | X =12)= /yp(_y|:c)dm

based on data (called regression function).
If Y is numerical, the task is called regression.

If Y is nominal, the task is called classification.
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Simple linear regression

Make it simple:

e the predictor X is simple, i.e., one-dimensional (X = X3).

e 7(r) is assumed to be linear:
r(z) = G+ Gz

e assume that the variance does not depend on z:
Y =6+ fix+e, Eez) =0,V(er) =0°

e 3 parameters:
3y intercept (sometimes also called bias)
3, slope
o? variance
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fitted line ) )
x) = B+ Sz
predicted / fitted values
Ys = T1(zy)
residuals ) )
€=y — Ui = ¥i — (Bo + Grzy)
residual sums of squares (RSS)
RSS=) &
i=1
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Parameter estimation (example)

Example:
Given the data D := {(1,2),(2,3), (4.6)}, predict a value for » = 3.
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Parameter estimation (example)
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Example:
Given the data D := {(1,2),(2,3), (4,6)}, predict a value for z = 3.
Line through first two points:

g =Ty 1 o
Iy — I o e
Go=th — frr1=1 . //
e
e
P
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Parameter estimation (example)
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Example:
Given the data D := {(1,2),(2,3), (4,6)}, predict a value for z = 3.

Line through first and last point:

B=B" 431333 |
I3 — Iy

o=y — iz = 2/3 = 0.667

RSS: 7 °
[ Yi Q: (y: - gz)z 7
112 2 0 N
9133333 0111 ’7
3l6 6 0 [ S S s e
T 0.111 )

#(3) = 4.667
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Least Squares Estimation (LSE)

In principle, there are many different methods to estimate the
parameters 3, 3, and ¢ from data — depending on the
properties the solution should have.

The least squares estimates are those parameters that
minimize

RSS = &= m—4)’=>_ (i~ b+ hz)?
i=1

i=1 i=1

They can be written in closed form as follows:

3 :Zle(il“-«; — )y — 1)
o Yimi(Ti— T)?
Go =1 — BT
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LSE: proof

Proof (1/2):

RSS = (i — (6 + Auzi))?
i=1

ORSS - \
— = 2y — (Bo+ Fizi))(—=1) =0
5%, > 2w — (fo + frzi))(—1)

i=1

i
= nb ZZ Yi — Gy
i=1
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LSE: proof
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Proof (2/2):

(yz' — (Bo + Brz:))?

—Z (7 — Biz) — Buzi)?
—Z i — Y — .rj‘l ) ))2
9 RSS _Z2(y; —U— 81(332 — ) (—1)(z; — .’C) 1y
0{31 i=1
= :61 :E?zl(yi - §\,|(.T1 — f}_‘_‘)

2 (T — 1)

LSE: example
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Given the data D := {(1,2),(2,3), (4,6)}, predict a value for = = 3.
Assume simple linear model.
T=T/3,y=11/3.

i Ti—T Y —U (szf)Q (.Iz*j‘)(_yifﬂ)
1| —4/3 —5/3  16/9 20/9
2 | —1/3 —2/3 1/9 2/9
3| 5/3 T/3 2509 35/9
D 1279 57/9
s e m - Dw—0) - 1
By =it TR ) 5749 = 1.357
H1 EZ:I(IE :E)z / _

- 11 57 7 63 .
By=f—fr=——2L.1- _05 -1 = e
’ y . 11‘ Ll. 3 126 7 o 1 2 3 4 ;r
RSS:

oY Yi (¥i— W)

I ) 1.857 0.020

2 133214 RIETH

3
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r3) = 4.571




Outline
* Introduction
e Simple linear regression
e Simple polynomial regression
e Maximum likelihood estimation
* Maximum posterior estimation
poh

Simple polynomial regression
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Sum-of-Squares Error Function
tll Ln
1 & 5
E(w) = 3 Z {y(zn, w) —t,}°
n=1
0t Order Polynomial
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9t Order Polynomial
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The Gaussian Distribution |
2 1 1 2
N(ﬂﬂ:ﬂ ) = Wl’xp{—ﬁ@—ﬁ) }
Aele) N(z|p,6®) >0
wa(nﬂp,a'z) dz=1
;'1 =

Gaussian Mean and Variance

E[z]=/_m N (zlp, o) zde =p
E[x?] = N (z|p,0%) 2" dz = p” + o?

var[z] = E2?] — E[z]? = o2
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The Multivariate Gaussian |
P 1 1 1 _
N D) = G s e { = W= -
:1':2“
oo

p(x) Likelihood function

N(@nlp, 0?)

Tn T

N
pix|p, 0.2) = 1-_[ N (zﬂ |2, 0.2)
n=1
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Maximum (Log) Likelihood
) 1 — . N, . XN
Inp (x|g.0”) = 557 Z(mn —p) - E]na-- -3 In{27)
n=1
1 & 2 Ll 2
#ML=§ZI'; ML=§ZI(%—#ML)
n=1 =

Properties of gmr, and aﬁm

Ejpa] = p

N-1 a
Biota) = () = @

& = %GE‘IL ®

1 N
= —— ) (Zn—p)®
N-1 .E ©
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Polynomial regression re-visited |
t y(z, w)
y(zg, w) R - . 2%
p(”ﬂhwnﬁ)
=N (Hehzo,w), 77)
Ty x :

Maximum Likelihood

N
pltx, w, 8) = [N (tnlp(@a, w),677)

n=1

3 X N N
Inp{tjx,w.3)=— E Z {y(zn.w) —ta}? +‘? In3— '? ln(27)

n=1

[ o

3.E;(rw]

Determine WpL, by minimizing sum-of-squares error, E(w).

L LS ) —taP?
ﬂM’L N n=1
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Predictive Distribution
P{tlwi WML ﬂML) =N (tly(z! WML)! ﬁh_l};)
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Maximum posterior estimation (MAP) ™~

piwla) = N (w 0.a7I) = (%)(M-I—l”?exp {—%w"rw}
p(wlx,t,a, ) o p(t]x, w, S)p(w|a)
o _ E ul _ 2, & T
BE(w) = 5 3yl w) — a} + ST
n=1

Determine Wpap by minimizing regularized sum-of-squares error, E(w)
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