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Linear Regression
(Part 1l)
nanopoulos@ismlil.de
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Linear regression in D dimensions

FromD=1 y(x, w) = wy +wyry -

To D > 1 and linear on x y(x, W) =wp+urry + ...+ wprp
(multiple regression)

M—1
To D >1 and any set of y(x, W) = Z w;d;(x) = wlo(x)
nonlinear functions on x =
All are linear on w
Linear regression
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Linear basis functions models

M—1
ylx, w) = Z wip;(x) = WT:‘:‘;(};}
j:

o o . L (2 —p;)?
pilr) =a Oj(x) =2’ e\ =eXpy—T59
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Example of basis functions transformation”
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Maximum likelihood and least square§°

pltlx, w, 3) = N(tly(x,w), 371

N
ptIX,w, 8) = [N (talwTé(xn), 571)
n=1
Inp(tjw,3) Z]n N (t, |w d(x,), 7

n=1

= ? hl & — 7 hl(‘QTT}

N

L1 .
ED(“’,J = 5 Z{tn - “’Tr.f’t\xn)}z

n=1

— BEp(w)

Assuming normal distribution

The likelihood to observe N
target values t from a set of X D
dimensional predictors

Maximize In of likelihood...

is the same as minimizing E
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Solving MLE

N

Vinp(tlw,3) = Z {tn — wlg(x, }} d(x,)T

Find optimal w...

N N
0=3 tad(xn)" —w" (Z (xn :arm:xnﬁ)
n=1 n=1
WL = (@T«I»)_l Tt based on Moore-
Penrose pseudo-
fﬁo{Xl) <:J1(X1:J s fﬁ_-'l[—l(xlz) inverse
do(Xa)  @1(X2) -+ dar—1(x2)
D =
fo(xn) Gi(xn) - bara(xn)
LS wl o))’
&Y N n=1 n — WL®Xn)
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Outline
* Generalize the linear regression
e Simple multiple regression
e Regularization
e Bias vs. Variance tradeoff
* Model selection
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The case of simple multiple regressio
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P
Y=w,+ Z w; X
i=1

(w, X)

where

Wp

Thus, the intercept is handled like any other parameter, for the
artificial constant variable X; = 1.
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The case of simple multiple regressioh
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For the whole dataset (x1,11), ..., (T, Yn):

Y =Xw+e
where

- T1p
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Least squares estimate

Least squares estimates Wminimize

Y = Y|P =Y - Xw[
The least squares estimates ware computed via

XTxw=xXTy
Proof:

Y — Xw|[> = (Y — Xw, Y — Xw)
a(.)
aw

=2(-X,Y - Xw) = —2(XTY - X"Xw) =0

A
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Least squares estimate
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Solve the p x p system of linear equations

ie., Ar =b (with A .= XTX, b= XTY, 2 = w).

There are several numerical methods available:
1. Gaussian elimination

2. Cholesky decomposition

3. QR decomposition

XTx w= XTy
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Example
Given is the following data:
Ty T2 Y
1 23
2 32
4 17
5 51
Predict a y value for z; = 3, z, = 4.
13
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Solution
Ty Tz Y
1 23
2 32
4 17
5 5 1
112 3
123 2
X=1141 Y=1-
155 1
412 11 13
XTx=[1124637 ], X'y =140
11 37 39 24
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1)
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Solution (cont.)
412 11113 412 11| 13 412 11 13
12 46 3740 | ~ | O 10 4 1 ~ 010 4 1
11 37 39|24 0 16 35| =47 0 0 143| =243
4 12 11 13 286 0 0] 1597
~ | 0 1430 0| 1115 | ~ 0 1430 0/ 1115
0 0 143|—243 0 0 143 —243
ie.,
159?/286 5.583
W = 1115/1430 ~ 0.779
7243/ 143 —1.699
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What it looks like-
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Regularization

Recall the case of

* asingle predictor

* and polynomial basis function ¢,(x) = X
M

y(x,w) = wo + w1 + wox® + ...+ wyaM = Z wjx?
Jj=0
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15t Order Polynomial
l_
t
0.
-1t
0 L1
34 Order Polynomial
l_
t
0.
—1t
0 .

10



11/3/2008

&
2

qé““ 9{6{

= &

¢

N
“’fausai‘\&

9t Order Polynomial
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Over-fitting

—©— Training
—&— Test

0 3 6 9

Root-Mean-Square (RMS) Error: Brms = +/2E(w*)/N

22

11



Polynomial Coefficients

M=0 M=1 M=3 M=09
wi | 019 082 03l 0.35
Wt 127 7.99 932.37
wh 9543  -5321.83
wh 17.37  48568.31
wh -231639.30
w? 640042.26
wh -1061800.52
w? 1042400.18
wh _557682.99
wl 125201.43

Data Set Size: N =15

9th Order Polynomial

0r
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Data Set Size: N =100

9th Order Polynomial

N =100 A
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Regularization

Penalize large coefficient values

~ 1 2. Ay g
Ew) =33 fulan, W)~} + vl

n=1
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Regularization: In A = —18
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Regularization: mA =0
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Regularization: Egrms VS. In
1
Training
Test
205 /
0 / L L L
=35 =30 Tok =25 =20
29
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Polynomial Coefficients

Inx=—-00c InA=-18 InA=0

0.35

232.37
-5321.83
48568.31
-231639.30
640042.26
-1061800.52
1042400.18
-957682.99
125201.43

0.35
4.74
0.77
-31.97
-3.89
55.28
41.32
-45.95
-91.53
72.68

0.13
-0.05
-0.06
-0.05
-0.03
-0.02
-0.01
-0.00

0.00

0.01
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Outline
e Generalize the linear regression
e Simple multiple regression
e Regularization
* Bias vs. Variance tradeoff
* Model selection
. . 5 2003
Bias vs. Variance
expected loss = (bias)? 4+ variance + noise
e S o ~ noise
'/ ~ NS —>
\\ ~ ~ ~
1 N e
— >
variance
bias

32

11/3/2008

16



11/3/2008

&
2

fwng.
@
)
Q”ausai‘\‘%\

How this applies to regression?

] ik
Inh =26

How this applies to regression?
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How this applies to regression? |
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Model selection
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Model Selection

M (degree of polynomial) corresponds to the
complexity of the model

The bigger M, the bigger the overfitting

Regularization (A) helps by controlling the
complexity

But how to find good combinations for M and A?
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Information criteria

p(D|wy,, ) is the likelihood
M is the number of parameters

e AIC (Akaike Information Criterion)
maximize p(D|w,, ) - M

Tends to favor overly simply models
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