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Machine Learning

Syllabus
Fri. 26.10. (1) 0. Introduction

A. Supervised Learning: Linear Models & Fundamentals
Fri. 2.11. (2) A.1 Linear Regression
Fri. 9.11. (3) A.2 Linear Classification
Fri. 16.11. (4) A.3 Regularization
Fri. 23.11. (5) A.4 High-dimensional Data

B. Supervised Learning: Nonlinear Models
Fri. 30.11. (6) B.1 Nearest-Neighbor Models
Fri. 7.12. (7) B.2 Neural Networks
Fri. 14.12. (8) B.3 Decision Trees
Fri. 21.12. (9) B.4 Support Vector Machines

— Christmas Break —
Fri. 11.1. (10) B.5 A First Look at Bayesian and Markov Networks

C. Unsupervised Learning
Fri. 18.1. (11) C.1 Clustering
Fri. 25.1. (12) C.2 Dimensionality Reduction
Fri. 1.2. (13) C.3 Frequent Pattern Mining
Fri. 8.2. (14) Q&A
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Machine Learning 1. Network Topologies

Logistic Regression

(0 hidden layers)

x1 x2 . . . xM input layer

y output layer

logistic regression:

ŷ(x) := p̂(y = 1 | x) = logistic(βT x), x ∈ RM
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Note: logistic(x) := 1/(1 + e−x ).
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Machine Learning 1. Network Topologies

Feedforward Neural Network (1 hidden layer)

x1 x2 . . . xM input layer

z1 z2 . . . zK hidden layer

y output layer

feedforward neural network (1 hidden layer):

zk(x) :=logistic(βT1,kx), k = 1, . . . ,K , x ∈ RM

ŷ(x) :=logistic(βT2 z(x))
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Machine Learning 1. Network Topologies

Feedforward Neural Network (2 hidden layers)

x1 x2 . . . xM input layer

z1,1 z1,2 . . . z1,K1 1st hidden layer

z2,1 z2,2 . . . z2,K2 2nd hidden layer

y output layer

feedforward neural network (2 hidden layers):

z1,k(x) :=logistic(βT1,kx), k = 1, . . . ,K1, x ∈ RM

z2,k(x) :=logistic(βT2,kz1(x)), k = 1, . . . ,K2

ŷ(x) :=logistic(βT3 z2(x))
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Machine Learning 1. Network Topologies

Feedforward Neural Network (L hidden layers)

x1 x2 . . . xM input layer

z1,1 z1,2 . . . z1,K1 1st hidden layer

z2,1 z2,2 . . . z2,K2 2nd hidden layer
... ...

zL,1 zL,2 . . . zL,KL Lth hidden layer

y output layer

z1,k(x) :=logistic(βT1,k x), k = 1, . . . ,K1, x ∈ RM

z`,k(x) :=logistic(βT`,k z`−1(x)), ` = 2, . . . , L, k = 1, . . . ,K`

ŷ(x) :=logistic(βTL+1 zL(x))
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Machine Learning 1. Network Topologies

Different Targets y
Binary classification:

ŷ(x) :=p̂(y = 1 | x) = logistic(βTL+1zL(x)), βL+1 ∈ RKL

Regression:

ŷ(x) :=βTL+1zL(x), βL+1 ∈ RKL

Regression with multiple outputs:

ŷ(x) :=βL+1zL(x), βL+1 ∈ RT×KL a matrix!

Multi-class classification:

ŷ(x) :=p̂(y | x) = softmax(βL+1zL(x)), βL+1 ∈ RT×KL

Notes:
I L hidden layers
I at hidden nodes always are logistic/sigmoid functions

(activation function, transfer function).
Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 1. Network Topologies

Softmax

softmax : RT → RT

softmax(u) :=

(
eut∑T
s=1 e

us

)
t=1:T

, u ∈ RT

=



eu1∑T
s=1 e

us

eu2∑T
s=1 e

us

...

euT∑T
s=1 e

us
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Machine Learning 1. Network Topologies

Softmax

/ Generalization of the Logistic

binary classification:

ŷ(x) := p̂(y = 1 | x) = logistic(βTL+1zL(x))

= logistic(uL+1(x)), uL+1(x) := βTL+1zL(x), βL+1 ∈ RKL

logistic(u) :=
1

1 + e−u

=
eu

1 + eu
=

 e0

e0+eu

eu

e0+eu


2

= (softmax(

(
0
u

)
))2(

p̂(y = 0 | x)
p̂(y = 1 | x)

)
= softmax(

(
0

uL+1(x)

)
)

multi-class classification:

ŷ(x) := p̂(y | x) = (p̂(y = t | x))t=1:T = softmax(βL+1zL(x))

= softmax(uL+1(x)), uL+1(x) := βL+1zL(x), βL+1 ∈ RT×KL

softmax(u) :=

(
eut∑T
s=1 e

us

)
t=1:T

, u ∈ RT
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Machine Learning 1. Network Topologies

Softmax Properties

softmax(u) :=

(
eut∑T
s=1 e

us

)
t=1:T

, u ∈ RT

I softmax is a generalization of the logistic function from 2 to T classes.

I softmax is continuous and differentiable.

I softmax components sum to one:

T∑
t=1

(softmax(u))t = 1

I softmax in the limit approaches the maximum indicator:

lim
a→∞

softmax(a · u) = (I(ut = umax))t=1:T , umax := max
s∈1:T

u(s)
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Machine Learning 1. Network Topologies

Feedforward Neural Network (L hidden layers, T outputs)

x1 x2 . . . xM input layer

z1,1 z1,2 . . . z1,K1 1st hidden layer

z2,1 z2,2 . . . z2,K2 2nd hidden layer
... ...

zL,1 zL,2 . . . zL,KL Lth hidden layer

y1 y2 . . . yT output layer

z1,k(x) :=s(βT1,k x), k = 1, . . . ,K1, x ∈ RM

z`,k(x) :=s(βT`,k z`−1(x)), ` = 2, . . . , L, k = 1, . . . ,K`

ŷk(x) :=s(βTL+1,k zL(x)), k = 1, . . . ,T
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Machine Learning 1. Network Topologies

Feedforward Neural Network (L hidden layers, T outputs)
make it simple 1: each layer a vector

x input layer

z1 1st hidden layer

z2 2nd hidden layer
...

...

zL Lth hidden layer

y output layer

z1(x) :=s◦(β1x) β1 ∈ RK1×M

z`(x) :=s◦(β`z`−1(x)), ` = 2, . . . , L, β` ∈ RK`×K`−1

ŷ(x) :=s◦(βL+1zL(x)) βL+1 ∈ RT×KL
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Machine Learning 1. Network Topologies

Feedforward Neural Network (L hidden layers, T outputs)
make it simple 2: rename x and ŷ to z0 and zL+1

z0 input layer

z1 1st hidden layer

z2 2nd hidden layer
...

...

zL Lth hidden layer

zL+1 output layer

z`(x) :=s◦(β` z`−1(x)), ` = 1, . . . , L + 1 β` ∈ RK`×K`−1

with z0:=x , ŷ(x):=zL+1(x), K1:=M, KL+1:=T
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Machine Learning 1. Network Topologies

Activation Functions
Nowadays, usually the rectifier is used as activation function s
(such nodes are called ReLU: rectified linear unit):

rect(x) := max(0, x)

red: logistic, blue: tanh, green: rect
Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 1. Network Topologies

Network Topologies
I feedforward neural network (aka multilayer perceptron, MLP)

I often just a single hidden layer is used
I NN with single hidden layer is already a universal approximator

I skip arcs can be used to connect layers skipping a hidden layer

I usually layers are connected completely (fully connected layer),
but sometimes sparse connections are used.

I nodes & connections always form a DAG

I recurrent neural network
I neural networks with backward connections / not a DAG.

I used in language modeling

I no simple probabilistic interpretation

I nowadays usually rolled out to a feedforward net with tied weights

I Hopfield networks / associative memory:
I symmetric connections between hidden units

I probabilistic counterpart: Boltzmann machine.Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Outline

1. Network Topologies

2. Stochastic Gradient Descent (Backpropagation)

3. Regularization
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Vector Calculus Refresh – Gradients & Jacobians

function with N inputs, single output:

f : RN → R
x 7→ f (x1, . . . , xN)

gradient (vector):

∇f (x) :=

(
∂f

∂xn
(x)

)
n=1:N

function/map with N inputs, M outputs:

f : RN → RM

x 7→ (fm(x1, . . . , xN))m=1:M

Jacobian (matrix):

Df (x) :=

(
∂fm
∂xn

(x)

)
m=1:M,n=1:N
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Vector Calculus Refresh – Chain Rule

function composition:

X := RN f→ Y := RM g→ Z := R
x 7→ f (x)

y 7→ g(y)
x 7→ g ◦ f (x) := g(f (x))

chain rule:

∇(g ◦ f )(x) =Df (x)T (∇g)(f (x))
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Vector Calculus Refresh – Elementwise Function
Application

function with single input, single output:

f : R→ R
x 7→ f (x)

elementwise function application:

f ◦ : RN → RN

x 7→ (f (xn))n=1:N =


f (x1)
f (x2)

...
f (xN)


its Jacobian:

Df ◦(x) =


f ′(x1)

f ′(x2)
. . .

f ′(xN)

 = diag(f ′◦(x))
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Vector Calculus Refresh – Partial Gradients & Jacobians

function with N inputs, single output:

f : RN → R
x 7→ f (x1, . . . , xN)

partial gradient (vector):

∇I f (x) :=

(
∂f

∂xn
(x)

)
n∈I

, I ⊆ {1, . . . ,N}

function/map with N inputs, M outputs:

f : RN → RM

x 7→ (fm(x1, . . . , xN))m=1:M

partial Jacobian (matrix):

DI f (x) :=

(
∂fm
∂xn

(x)

)
m=1:M,n∈I

I ⊆ {1, . . . ,N}
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Objective Function

feedforward neural network, L hidden layers with K1, . . . ,KL nodes each:

z`(x) := s◦(β` z`−1(x)), ` = 1, . . . , L + 1, β` ∈ RK`×K`−1

with z0:=x , ŷ(x):=zL+1(x), K1:=M, KL+1:=T

objective function:

f (β) :=
1

N

N∑
n=1

L(yn, ŷ(xn)) +
λ

2
||β||2 =

1

N

N∑
n=1

L(β; xn, yn) +
λ

2
||β||2

loss for single sample:

L(β; x , y) :=L(y , zL+1(x))

with pair loss Ly (zL+1) := loss(y , zL+1)

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Objective Function

feedforward neural network, L hidden layers with K1, . . . ,KL nodes each:

u`(x) := β` z`−1(x), ` = 1, . . . , L + 1, β` ∈ RK`×K`−1

z`(x) := s◦(u`(x))

with z0:=x , ŷ(x):=zL+1(x), K1:=M, KL+1:=T

loss for single sample:

L(β; x , y) :=L(y , zL+1(x))

= (Ly ◦ zL+1 ◦ uL+1 ◦ · · · z` ◦ u` ◦ · · · z1 ◦ u1)(x)

with pair loss Ly (zL+1) := loss(y , zL+1)
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Objective Function
feedforward neural network, L hidden layers with K1, . . . ,KL nodes each:

u`(z`−1) := β` z`−1, ` = 1, . . . , L + 1, β` ∈ RK`×K`−1

z`(u`) := s◦(u`)

with z0:=x , ŷ(x):=(zL+1◦uL+1◦zL◦uL◦···◦z1◦u1)(x), K1:=M, KL+1:=T

loss for single sample:

L(β; x , y) :=L(y , zL+1(x)) = (Ly ◦ zL+1 ◦ uL+1 ◦ · · · z` ◦ u` ◦ · · · z1 ◦ u1)(x)

with pair loss Ly (zL+1) := loss(y , zL+1)

its gradients:

∇β`,kL(β) = Dβ`,ku`(z`−1)T∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+1 ◦ u`+1 ◦ z`)(u`)

∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+1 ◦ u`+1 ◦ z`)(u`)

= DzT` DuT`+1∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+2 ◦ u`+2 ◦ z`+1)(u`+1)
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Gradients / Recursion Scheme

single sample loss gradients:

∇β`,kL(β) = Dβ`,ku`(z`−1)T∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+1 ◦ u`+1 ◦ z`)(u`)

∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+1 ◦ u`+1 ◦ z`)(u`)

= DzT` DuT`+1∇(Ly ◦ zL+1 ◦ uL+1 ◦ · · · z`+2 ◦ u`+2 ◦ z`+1)(u`+1)

establishes a recursive computation scheme:

∇β`,kL(β) = Dβ`,ku`(z`−1)Tg`(u`)

g`(u`) := DzT` DuT`+1 g`+1(u`+1)

gL+1(uL+1) := DzTL+1∇Ly (zL+1)

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

17 / 27



Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Gradients / Components

u`(z`−1) := β` z`−1, ` = 1, . . . , L + 1, β` ∈ RK`×K`−1

z`(u`) := s◦(u`)

single sample loss gradients:

∇β`,kL(β) = Dβ`,ku`(z`−1)Tg`(u`)

g`(u`) := DzT` DuT`+1 g`+1(u`+1)

gL+1(uL+1) := DzTL+1∇Ly (zL+1)

components:

Du` = β`

Dz` = diag(s ′◦(u`))

Dβ`,ku` = ek z
T
`−1  ∇β`,kL(β) = z`−1 e

T
k g`(u`)

∇β`L(β) = g`(u`) z
T
`−1

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Note: ek denotes the k-th unit vector: (ek )j := I(k = j).
β` is a parameter matrix, thus ∇β`L(β) is a matrix-shaped gradient!



Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

Gradients / Sticking Everything Together

parameters:

β` ∈ RK`×K`−1 , ` = 1 : L + 1

feed forward:

z0 := x

u` := β` z`−1, ` = 1 : L + 1

z` := s◦(u`)

back propagation:

gL+1(uL+1) := diag(s ′◦(uL+1))∇Ly (zL+1)

∇β`L(β) = g`(u`) z
T
`−1, ` = L + 1 : 1 backwards

βnext
` := β` − η(∇β`L(β) + λβ`)

g`(u`) := diag(s ′◦(u`))βT`+1 g`+1(u`+1)

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 2. Stochastic Gradient Descent (Backpropagation)

SGD / Backpropagation

1 learn-nn-sgd(Dtrain := {(x1, y1), . . . , (xN , yN)}, L,K , s,∇L, λ, η, I ):

2 randomly initialize β` ∈ RK`×K`−1 , ` = 1 : L + 1
3 for i := 1, . . . , I :

4 for (xn, yn) ∈ Dtrain in random order:
5 z0 := xn [feed forward]
6 for ` := 1 : L + 1:
7 u` := β` z`−1

8 z` := s◦(u`)
9 gL+1 := diag(s ′◦(uL+1))∇Lyn(zL+1) [back propagation]

10 for ` := L + 1 : 2 backwards:

11 g`−1 := diag(s ′◦(u`−1))βT
` g`

12 β` := β` − ηi (g` zT`−1 + λβ`)

13 β1 := β1 − ηi (g1 z
T
0 + λβ1)

14 if converged(. . .):
15 return β
16 raise exception ”not converged in I iterations ”

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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where

I L number of layers
I K layer sizes
I s activation function
I ∇L loss gradient
I λ regularization weight
I η step length schedule
I I number of iterations



Machine Learning 3. Regularization

Outline
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Machine Learning 3. Regularization

Regularization of Neural Networks
I generic, working with any model:

I L2 regularization
I aka weight decay
I most frequently used method

I L1 regularization

I number of iterations as hyperparameter (early stopping)

I specific for neural networks:
I structural regularization:

I sufficiently small number of layers and sizes of layers

I compare number of parameters with sample size!

I dropout [Srivastava et al., 2014]
I use random sample of input nodes and hidden nodes for each instance

during training

I Batch normalization [Ioffe and Szegedy, 2015]
I standardize the values z`,k for each layer (for a minibatch).

I self-normalizing neural networks [Klambauer et al., 2017]
Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Machine Learning 3. Regularization

L2 regularization / Example

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

22 / 27

[Hastie et al., 2005, p. 399]



Machine Learning 3. Regularization

Early Stopping
     CHAPTER 7. REGULARIZATION FOR DEEP LEARNING

     0 50 100 150 200 250

 Time (epochs)

0 00.

0 05.

0 10.

0 15.

0 20.

 
 

L
o
ss

(n
eg

a
ti

v
e

lo
g
-l

ik
el

ih
o
o
d
)

  Training set loss

  Validation set loss

           Figure 7.3: Learning curves showing how the negative log-likelihood loss changes over
          time (indicated as number of training iterations over the dataset, or epochs   ). In this

            example, we train a maxout network on MNIST. Observe that the training objective
            decreases consistently over time, but the validation set average loss eventually begins to

      increase again, forming an asymmetric U-shaped curve.

              validation set error begins to rise again. See figure for an example of this7.3
   behavior, which occurs reliably.

             This means we can obtain a model with better validation set error (and thus,
              hopefully better test set error) by returning to the parameter setting at the point in

              time with the lowest validation set error. Every time the error on the validation set
            improves, we store a copy of the model parameters. When the training algorithm
          terminates, we return these parameters, rather than the latest parameters. The

          algorithm terminates when no parameters have improved over the best recorded
          validation error for some pre-specified number of iterations. This procedure is

     specified more formally in algorithm .7.1

    This strategy is known as  early stopping       . It is probably the most commonly
             used form of regularization in deep learning. Its popularity is due to both its

   effectiveness and its simplicity.

             One way to think of early stopping is as a very efficient hyperparameter selection
            algorithm. In this view, the number of training steps is just another hyperparameter.

             We can see in figure that this hyperparameter has a U-shaped validation set7.3
          performance curve. Most hyperparameters that control model capacity have such a

             U-shaped validation set performance curve, as illustrated in figure . In the case of5.3
            early stopping, we are controlling the effective capacity of the model by determining
              how many steps it can take to fit the training set. Most hyperparameters must be

243

[source: Goodfellow et al. 2016, p. 239]

Early stopping works with any iterative learning algorithm.
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     CHAPTER 7. REGULARIZATION FOR DEEP LEARNING
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            Figure 7.6: Dropout trains an ensemble consisting of all subnetworks that can be con-
            structed by removing nonoutput units from an underlying base network. Here, we begin

              with a base network with two visible units and two hidden units. There are sixteen
              possible subsets of these four units. We show all sixteen subnetworks that may be formed

              by dropping out different subsets of units from the original network. In this small example,
              a large proportion of the resulting networks have no input units or no path connecting
            the input to the output. This problem becomes insignificant for networks with wider

             layers, where the probability of dropping all possible paths from inputs to outputs becomes
smaller.

256

[source: Goodfellow et al. 2016, p. 252]
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Summary (1/3)
I (Feedforward) Neural networks are supervised parametric models

I arranged in several layers,
I with the first layer being the inputs,

I the last layer being the outputs,

I intermediate/hidden layers representing subexpressions of the
prediction function
(not to be confused with latent variables!)

I each layer composed of a linear combination of the previous one,
with weights being parameters of the model,

I and a nonlinear activation function,
I usually the linear rectifier max(0, x)

I or a sigmoid function (logistic, tanh)

I Neural networks are learnt through Stochastic Gradient Descent
I computation of the gradients in reverse order of computations of

predictions (backpropagation)

I usually using minibatches for a few ten or hundred instances.
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Machine Learning 3. Regularization

Summary (2/3)

I As any other model, neural networks have to be regularized.
I structural regularization:

I number of nodes/layer and number of layers.

I early stopping

I L2 regularization (weight decay)

I dropout: use a random sample of input and hidden nodes per example

I Neural networks can be extended in a rather straightforward way to
work with sequential/time series, image data and any other kind of
array data.

I convolutional neural networks

I recurrent neural networks (including LSTM, GRU)

I these models belong to the most powerful models currently used in ML
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Summary (3/3)

I A neural network with a single hidden layer can already approximate
any function arbitrarily well.

I universal approximator

I if one adds arbitrarily many hidden nodes in that layer as necessary

I but deeper networks with more than one hidden layer have shown to
generalize better

I make better use of a given number of parameters

I deep learning
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Further Readings

I See Murphy 2012, chapter 16.5 and Hastie et al. 2005, chapter 11.

I More detailed introduction in Goodfellow et al. 2016, chapter 6 and 7.
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