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1. The Exponential Family
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1. The Exponential Family
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Machine Learning 2 1. The Exponential Family

Definition Exponential Family “
Let X be a set,
¢ : X — RM a function called sufficient statistics,

n: RK — RM a function called natural parameter,
then the pdf / pmf

h: X — R a function called scaling function, often h =1,

p(x | 6) ::Z(nl(g)h

x)e(0) T 6(x)
) (%)
with Z(0) ::/

X

h(x)eeT‘z’(x)dx called partition function
is called a member of the exponential family.

6 € RM are called parameters.
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Machine Learning 2 1. The Exponential Family

Definition Exponential Family

Let X be a set,
¢ : X — RM a function called sufficient statistics,
h: X — R a function called scaling function, often h =1,
n: RK — RM a function called natural parameter,

then the pdf / pmf

pix16) ::z(nl(e))h(X)e”wW(X)

— h(x)e"®) o) ~Aln(6)

with Z(6) = / h(x)e? **)dx called partition function
X

A(0) :=log Z() called log partition function / cumulant

is called a member of the exponential family.

6 € RM are called parameters. -
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Machine Learning 2 1. The Exponential Family

Subfamilies

K < M: curved exponential family.
n(6) = 6: canonical form:

p(x | 0) :=h(x)e” ¥ =AW)
#(x) = x, X = RM: natural exponential family:

p(x | B) :=h(x)en® <A

natural exponential family in canonical form:

p(x | 0) :=h(x)e? *~A®
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Machine Learning 2 1. The Exponential Family

Examples: Bernoulli

X :={0,1}

Ber(x | p) :=p*(1 — p)' ™
— X log(p)+(1—x) log(1—u)

_en(O)76(x)

¢ur=<1fx),

n(o) :== < |0g|(01gf 0) )

A(n) =0
0 =n

[m] = = =
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Machine Learning 2 1. The Exponential Family

Examples: Bernoulli

X :={0,1}

Ber(x | p) :=p*(1 — p)' ™
— X log(p)+(1—x) log(1—u)

_en(O)76(x)

¢ur=<1fx),

n(6) = < |og|(01gf 0) )
A(n) =0

0 =n
-
Linear dependency in ¢(x < > = 1 (over-complete)
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Machine Learning 2 1. The Exponential Family

Examples: Bernoulli

X :={0,1}

Ber(x | p) :=p*(1 — p)
— exlog(p)+(1-x) log(1—p) _ xlog 75 +log(1-4)

1—x

&(0) T x=An(9))

)

¢(x) =x
0 L e’
n(0) := gy 0 = logistic(n) := T e
A(n) = log(1 + €")
0 =p
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Machine Learning 2 1. The Exponential Family

Examples: Multinoulli

L
X={1,2,..., 1} ={xe{0,1}"| > x =1}
=1
Cat(x | ,LL HM ¢ ezz 1Xe log pe
/=1
— 2ot xelog pet(1=320T1 xe) (=325 ue)
Lyl g +(1-
_ Zeelon et 0 ES ) e s

d(x) ==x1:1-1

0,
0):=|log ———
1) < ) Zé’ 95’> L1

)

A(n) :=log(1 + Z e”), 0=p1
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Machine Learning 2 1. The Exponential Family

Examples: Univariate Gaussian

X =R
1 (x—p)
N(X’,U,,O'z) = T€ 2;5
70?)?
= 1 1 e_é—’—%_
(2mo?)2

2
() == 43

1
i) (2wo?)

2
K
202 — e77

(0)7 d(x)~

A(n(9))

7

g

2
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1. The Exponential Family

Non-Examples

Uniform distribution:

Unif(x; a, b) = ﬁé(x € [2.b])
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Machine Learning 2 1. The Exponential Family

Cumulants

0A %A
5y = E@0)). 50 =var(()).

V2A(n) = cov(¢(x))
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Machine Learning 2 1. The Exponential Family

Likelihood and Sufficient Statistics

Data:
D :={xy,x2,...,xn}

Likelihood:

N
p(D|0)=]] h(x)e(®) T 0xn)=A(®))

n=1

N
N
— (H h(xn)> (e—A(n(e))) 107 (Znly ¢(xn))

n=1
N

(ﬁ h(Xn)> eNOTHDINAGON  4(D) 1= 3 p(xy)

n=1

n=1

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany



Machine Learning 2 1. The Exponential Family

Maximum Likelihood Estimator (MLE)

N
log p(D | 0) = (Z h(xn)> +1(8)" (D) — NA(n(9))
n=1
for h=1,7n(0) = 0:
=N + 607 ¢(D) — NA(H)

dlogp 8A( ) 1o
P8P —g(D) - NP = o(D) ~ NE(6(x)) £ 0

N
; Z (x) (moment matching)

Example: Bernoulli
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Machine Learning 2 2. Generalized Linear Models (GLMs)

2. Generalized Linear Models (GLMs)
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Parametrization
ply | 6,02) i=e" o2 Helre?)
where o2 dispersion parameter,

6 natural parameter (a scalar!),
A(0) (log) partition function,

c(y,o?) normalization constant.
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Model 8 5

g 7

w
\n- > Ui > 9
1 - 1 - 7

g /!
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Model with canonical link (g = 1)

T T
) 2\ yw' x—Aw X)+C 70_2
ply | xiw,0%) :==e 2 )
setting
0=w'x
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Models

Distrib. mean =g~ ( ) link 0 = g(w)
N(yipo®) p=g 1(9)29 =g(p) =n
Bin(y; N,u) p=g 1(0) = glstlc 0 0= g(p)=logit(u)
Poi(yin) p=g *(0)=¢ = g(u) = logu
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Expectation and Variance

p=E(y|x;w,0%) =A(wx)
7% = Var(y | x; w, %) =A"(w

TX)O_Z
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Examples: Linear Regression

(y=n)
N(y: p,0?) :Z%e_ W, yeR
(2mo?)2
w(x) =w'x
2
y— W 1
log p(y | x, w,0%) = — (202) 3 log(270?)
_yp— 3

1,y?

0-2
T 1 T,\2 2
Cywix—3(w'x)* 1y 2
= o2 - 5(; + |Og(27TO' ))
92
~ A(f) =—
0) =2
E(y) == wTx
Var(y) =o?
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Examples: Binomial Regression

Bin(y; N, ) ::< /}\/I )Wy(l—w)N_y, ye{0,1,...,N}

7(x) :=logistic(w x)

T N
Nlog(1 — |
—* og( 7r)+og(y)

A(0) =N log(1 + €%)
E(y) =p = N = Nlogistic(w " x)
Var(y) =Nn(1 — 7) = Nlogistic(w " x)(1 — logistic(w " x))

log p(y | x, w) =y log 1

= WTX

where 0 =log 1 T
o? =1
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Machine Learning 2 2. Generalized Linear Models (GLMs)

Examples: Poisson Regression

Poi(y; 1) :=e — y€{0,1,2,...}

~ A9) =€’
WTX
E(y)=n=e
Var(y) —e"'x
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Machine Learning 2 3. Learning Algorithms

Outline

3. Learning Algorithms
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Machine Learning 2 3. Learning Algorithms

Gradient Descent
model:

y WTX7A(WTX)

ply | xiw,0%) i=e o2 TeU)
Wlth 9 :WTX
negative log likelihood:
N
wlx, — AwTx 1
i) Z R o2 ) T2 D la(w xn)
n=1 oy

Ol, 0L, 00, Oy Ony
OWm 00, Opin ONp OWnm,

_( _ )8011 8/1/”X
=\Yn — HUn aﬂn 877n n,m

and thus with canonical link:
N

Vo l(w Z
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Machine Learning 2 3. Learning Algorithms

Newton

N

VWK(W) = — % Z()/n - ,Un)Xn

n=1
8Mn T 1 T
2y o2 Z - ?X X

where S —dlag(g'gl ’(892“,\\,/)
Use within IRLS:
o) -— X, (1)

) =g~ (00)
W(t+1) I:(XTS(t)X)_IXTS(t)Z(t)
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Machine Learning 2 3. Learning Algorithms

Stochastic Gradient Descent

N
1
Vil(w) = — - § (Yn — fn)Xn
n=1

g

Use a smaller subset of data to estimate the (stochastic) gradient:

1
Vwﬁ(w)%—; (Yn— ptn)xn, SCH{1,...,N}
nesS

Extreme case: use only one sample at a time (online):
1
VWE(W)%_?()/H_MH)Xm nG{l,...,N}

Beware: V,,/(w) = 0 then is not a useful stopping criterion!
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Machine Learning 2 3. Learning Algorithms

L2 Regularization

For all models, do not forget to add L2 regularization.

Straight-forward to add to all learning algorithms discussed
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Machine Learning 2 3. Learning Algorithms

Summary

» Generalized linear models allow to model targets with
» specific domains: R, R{, {0,1}, {1,..., K}, Ny etc.
» specific parametrized shapes of pdfs/pmfs.

» The model is composed of
1. a linear combination of the predictors and
2. a scalar transform to the domain of the target
(mean function, inverse link function)
» Many well-known models are special cases of GLMs:
» linear regression (= GLM with normally distributed target)
» logistic regression (= GLM with binomially distributed target)
» Poisson regression (= GLM with Poisson distributed target)
» Generic simple learning algorithms exist for GLMs independent of the
target distribution.
» GLMs have a principled probabilistic interpretation and provide

posterior distributions (uncertainty/risk).
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Further Readings

» See also [Murl2, chapter 9].
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