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A.1 Generalized Linear Models

A.2 Gaussian Processes

A.3 Advanced Support Vector Machines

A.4 Neural Networks
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A.6 Sparse Linear Models — L1 regularization

A.6b Sparse Linear Models — L1 regularization (ctd.)
A.7. Sparse Linear Models — Further Methods
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Machine Learning 2 1. Automatic Relevance Determination (ARD)

Linear Regression plus ARD Regularization
Linear Regression plus L2 regularization (Ridge Regression):
p(Yn | Xna670}2/) = N(yn | BTXnaO-}zz)
p(B) == N(B0,Z5 := o3l)
Linear Regression plus ARD Regularization:
p(¥n | Xnaﬂag}zx) = N(Yn | BTXnaU)zx)
p(B) =N(B|0,xX5:= diag(oél, o ,(f%M))
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Linear Regression plus ARD Regularization
Linear Regression plus L2 regularization (Ridge Regression):
p(Yn | Xna670}2/) = N(yn | BTXnaO-}zz)
p(B) == N(B0,Z5 := o3l)
Linear Regression plus ARD Regularization:
p(¥n | Xnaﬂag}zx) = N(Yn | BTXnaU)zx)
p(B) =N(B|0,xX5:= diag(oél, . ,O‘éM))

Idea:
» use a different regularization weight for each predictor x;,.
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Linear Regression plus ARD Regularization
Linear Regression plus L2 regularization (Ridge Regression):
p(Yn | Xna670}2/) = N(yn | BTXnaO-}zz)
p(B) == N(B0,Z5 := o3l)

Linear Regression plus ARD Regularization:

p(Yn ‘ Xnaﬂag}zx) = N(Yn ‘ BTXnaU)zx)
p(B) =N(B|0,xX5:= diag(oél, o ,(f%M))

Idea:
» use a different regularization weight for each predictor x;,.
» but M hyperparameters are too many to learn by grid search.
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Linear Regression plus ARD Regularization
Linear Regression plus L2 regularization (Ridge Regression):

p(Yn | Xna670}2/) = N(yn | BTXnaO-}zz)
p(B) = N (810,35 := o51)

Linear Regression plus ARD Regularization:

p(}’n ‘ Xnaﬂagz) = (Yn ‘ BTXna 2)
p(B) == N(B 10,5 :=diag(c3,....,03,))
p(oy) = 1G(a;
p(o3,) = 1G(c3, |ab) m=1,....,.M
Idea:
» use a different regularization weight for each predictor x;,.

» but M hyperparameters are too many to learn by grid search.
» hence put a hyperprior on top.

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany



Full Bayes:

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

Machine Learning 2 1. Automatic Relevance Determination (ARD)
Empirical Bayes

Maximum Likelihood (ML):

0 :=argmax p(D | 6)
0
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Machine Learning 2 1. Automatic Relevance Determination (ARD)
Empirical Bayes

Maximum Likelihood (ML): :=argmaxp(D | 0)
0

>

Maximum Aposteriori (MAP):

>

;:arggnaxp(D | 0) p(8 | 1)

Full Bayes: (OA, M) ~p(f,n | D) < p(D | 8) p(6 | n) p(n)
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.. N
Empirical Bayes “
Maximum Likelihood (ML): 0 :=argmax p(D | 6)
0
Maximum Aposteriori (MAP): 0 :=argmaxp(D | 0) p(6 | 1)
0
ML-II (Empirical Bayes): fj :=argmaxp(D | n)
U
=arg maX/p(D 1 0)p(6 | n)do
n
6 ~p(6| D, A) o p(D | 6) p(6 | )
MAP-11: A

=argmax p(D | n) p(n)
n

= arg max / p(D | 6) p(0 | n) p(n)do

0 ~p(0 | D, ) < p(D | 0) p(6) | H)
Full Bayes: (QA, M) ~p(f,n | D) < p(D | 8) p(6 | n) p(n)
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Machine Learning 2 1. Automatic Relevance Determination (ARD)
Marginal Likelihood
Without hyperpriors:

ply | X,02,55) = / N(y | XB,02 [)N(5 | 0,E5)dp

=N(y |0, 001+ XTpXT)
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Marginal Likelihood
Without hyperpriors:

ply | X,02,55) = / N(y | XB,02 [)N(5 | 0,E5)dp

=N(y |0, 001+ XTpXT)
\—,_/
6(0}2,,25) log p(y | X, o y,Zﬁ)o< log |C, |+yTC y
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Marginal Likelihood
Without hyperpriors:

ply | X,02,55) = / N(y | XB,02 [)N(5 | 0,E5)dp

=N(y |0, 001+ XTpXT)
-5,
E(J}%,Zg) log p(y | X, o y,Zﬁ)o< log |C, |+yTC y
With hyperpriors:
U(o],%5) = logp(y | X,07,%p,a,b,c,d)
x log|C,| —l—yTCy_ly + Z(—alogaém - b/aém)

m=1

- clogo—f, - d/o*f,
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: N e
Inferring Parameters [3 v

1
p(B | X,y,0,%p) = SN(B10,Z5) Ny | XB,0,1)

1 1 C1y—
=N(B | pus = gCﬁXTy, Cs = (;XTX—FZB:[) H
y y

for X3 = ool: unregularized estimates
= N@B(XTX) Xy, o3 (XTX))

for 0}2, = 00: overregularized estimates

:N(/B|O7ZB)
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NN
Equivalent MAP Estimation Problem “

1
0B) :—2Hy—XﬁH§+ , min Iog|a | + Xdiag(o TH—Z O
Ty 7By ’03M> m=1 ﬁm
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B
Learning ARD I: via EM “

Uo7, 6,18, Co) = Egnus,c)(logply | X, B8,05,%p))
= Egn(us.c)(log N (y | XB,07) +log N(B ] 0,%p))
M
+ IogIG(of, | a,b) + Z Iog;IG(aEzm | c,d)
m=1

N 1 1 1
= Epn(upca)(— 5 10807 = 55 lly = XBI2 = 5D logf, — Strr ;5T
y m

M
+ Z(—alogaém — b/af;m) - cloga}z, — d/a}z,
m=1

N
- —Eloga ——(Hy Xpug|? + tr(X T XCp)) —72|og05m
1 M
- §tr251(,u5,ug + Cg) + Z(—alog aém - b/aém) — clog 0)2, - d/af,
m=1
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B
Learning ARD I: via EM “

o..)

N 1 1
= ——logoy — > (lly = Xugl® + tr(XTXCy)) = 5 Y _log o,
2 2072 2 &

M
1
— Etriﬁl(,ug,ug + Cg) + Z(—alogaém - b/aém) — clogaf, - d/af,

m=1

1
o —(2c+ N)logo? — (2d + ||y — Xpug|[* + tr(XTXCB));
y

- 2(23 +1)log O'%m + 2b/a[23m - trZEl(Waug + Cp)
m
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B
Learning ARD I: via EM “

1
((...)= —(2c+ N)log o2 — (2d + |ly — Xug||* + tr(XTXCg))J—}%
- 2(23 +1)log aém + 2b/cr§m - trZEl(,uﬁ,ug + Cp)

|
0% o = ~(2a+ 1)7 + @b+ (1) + (Co)mam) (03,
o2 = 2b + (,U,B)m (C8)m,m
Bm 2a+1
o4
0 — ?‘_}2,
2 2d+ |ly = Xpgl 2 + tr(XTXC)
Y 2c+ N
which can be accelerated using
o - o C m,m
CgXTX:U)z, |d(/_C5261), o2 |dzl B
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Machine Learning 2 1. Automatic Relevance Determination (ARD)

Learning ARD Il: Fixed Point Algorithm

iteratively fit:

o2 = 2b + (ps)m

Bm 23+’7m

2. 2d+|ly — Xug|P

Yo 2c+N=3, m
1

Csi=(SXTX+x;H)?

B (0}2/ + ﬁ)

1
pg = ;CﬁXTy

y
G
’ym:zl—i( 'Bgm’m, m=1....M

9 8m

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany



Machine Learning 2 1. Automatic Relevance Determination (ARD)

Learning ARD IlI: Iteratively Reweighted L1
The ARD regularization term

R(03) := log|C,(03)| = log|op I + XTgXT|, Tz := diag(c3)
is concave in aé and thus can be written as
R(03) = minATo5 — R*(A
(aﬁ) m)ln o3 (N)

R*(A) = minAT53 —log |C,(53)|
s

The relaxed function
R(05,A) = ATof — R*(A\) = AToj — min AT53 — log |, (53)|
g
B
for fixed aé is minimized by

2
A= ¥,z log |Cy(03)
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Learning ARD IlI: Iteratively Reweighted L1
Instead of aé Wipf/Nagarajan 2008 use

7 .3
03 > A2 Bml
finally yielding the iterative procedure:

M
B = argmin () + Z )\%)\Bm\
g

m=1
and to find A(:
)\ES) =1
1

: 1 . _
Ao = (Xl + Xdiag (o) g1 9370) 7

1
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Machine Learning 2 1. Automatic Relevance Determination (ARD)

ARD for Classification VA

» so far, everything was developed for linear regression.

» for logistic regression, for EM the E-step cannot be done analytically.

» possibly use variational approximation
» use Gaussian approximation (Laplace approximation)

» the iteratively reweighted learning algorithm still works.
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Remarks

» ARD is a good example for a (arguably simple) hierarchical Bayesian
model.

» ARD has to be diligently evaluated against simple baselines
such as normalizing the data with a vanilla L1/L2 regularized model.
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Further Readings

» L1 regularization: [Murl2, chapter 13.3-5], [HTFFO05, chapter 3.4,
3.8, 4.4.4], [Bis06, chapter 3.1.4].
» LAR, LARS: [HTFFO05, chapter 3.4.4], [Murl2, chapter 13.4.2],

» Non-convex regularizers: [Murl2, chapter 13.6].

» Automatic Relevance Determination (ARD): [Murl2, chapter 13.7],
[HTFFO5, chapter 11.9.1], [Bis06, chapter 7.2.2].

» Sparse Coding: [Murl2, chapter 13.8].
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