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Logistic Regression (0 hidden layers)

x1 x2 . . . xM input layer

y output layer

logistic regression:

ŷ(x) := p̂(y = 1 | x) = logistic(βT x), x ∈ RM
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Feedforward Neural Network (1 hidden layer)

x1 x2 . . . xM input layer

z1 z2 . . . zK hidden layer

y output layer

feedforward neural network (1 hidden layer):

ŷ(x) :=p̂(y = 1 | x) = logistic(βT2 z(x))

zk(x) :=logistic(βT1,kx), k = 1, . . . ,K , x ∈ RM
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Feedforward Neural Network (2 hidden layers)

x1 x2 . . . xM input layer

z1,1 z1,2 . . . z1,K1 1st hidden layer

z2,1 z2,2 . . . z2,K2 2nd hidden layer

y output layer

feedforward neural network (2 hidden layers):

ŷ(x) :=p̂(y = 1 | x) = logistic(βT3 z2(x))

z2,k(x) :=logistic(βT2,kz1), k = 1, . . . ,K2

z1,k(x) :=logistic(βT1,kx), k = 1, . . . ,K1, x ∈ RM
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Different Targets y

Binary classification:

ŷ(x) :=p̂(y = 1 | x) = logistic(βTL+1zL(x))

Regression:

ŷ(x) :=βTL+1zL(x)

Regression with multiple outputs:

ŷ(x) :=βL+1zL(x), β ∈ RKout×KL

Multi-class classification:

ŷ(x) :=p̂(y | x) = softmax(βL+1zL(x))

Notes:

I L hidden layers
I at hidden nodes always are logistic/sigmoid functions

(activation function, transfer function).
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Network Topologies
I feedforward neural network (aka multiplayer perceptron, MLP)

I often just a single hidden layer is used
I NN with single hidden layer is already a universal approximator

I skip arcs can be used to connect layers skipping a hidden layer
I sometimes layers are not connected completely, but have sparse

connections.
I nodes & connections always form a DAG

I recurrent neural network
I neural networks with backward connections / not a DAG.
I used in language modeling
I no simple probabilistic interpretation

I Hopfield networks / associative memory:
I symmetric connections between hidden units
I probabilistic counterpart: Boltzmann machine.
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SGD / Loss

feedforward neural network, L hidden layers with K1, . . . ,KL nodes each:

z`,k(x) :=s(βT`,kz`−1), β`,k ∈ RK`−1 , k = 1, . . . ,K`

z0,k :=xk , k = 1, . . . ,K0 := M

ŷk(x) :=zL+1,k(x), k = 1, . . . ,KL+1 := dimY , usually = 1

f (β) :=
1

N

N∑
n=1

`(yn, ŷ(x)) +
λ

2
||β||2

gradient for single sample xn, yn:

∂f

∂β`,k
=`′(yn, ŷ(xn))

KL+1∑
k ′=1

∂ŷk ′(xn)

∂β`,k
+ λβ`,k = `′(yn, ŷn)

KL+1∑
k ′=1

∂zL+1,k ′

∂β`,k
+ λβ`,k
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SGD / Layers
feedforward neural network, L hidden layers with K1, . . . ,KL nodes each:

z`,k(x) :=s(βT`,kz`−1), β`,k ∈ RK`−1 , k = 1, . . . ,K`

gradient for single sample xn, yn:

∂z`′,k ′

∂β`,k
=

K`−1∑
k̃=1

∂z`′,k ′

∂z`′−1,k̃

∂z`′−1,k̃
∂β`,k

∂z`′,k ′

∂z`,k
=s ′(βT`′,k ′z`′−1)

K`−1∑
k̃=1

β`′,k ′,k̃
∂z`′−1,k̃
∂z`,k

∂z`′,k ′

∂z`′−1,k
=s ′(βT`′,k ′z`′−1)β`′,k ′,k

∂z`′,k ′

∂β`′−1,k
=s ′(βT`′,k ′z`′−1)z`′−1,k
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SGD / Arrange Computations
1. Feedforward:

z0,k :=xk , k = 1, . . . ,K0 := M

z`,k :=s(βT`,kz`−1), ` = 1, . . . , L + 1, k = 1, . . . ,K`

2. Backpropagation:
for ` := L + 1, . . . , 1, k := 1, . . . ,K`:

for k ′ := 1, . . . ,KL+1:

∂zL+1,k ′

∂z`,k
=

K`+1∑
k̃=1

∂zL+1,k ′

∂z`+1,k̃

∂z`+1,k̃

∂z`,k
=

K`+1∑
k̃=1

∂zL+1,k ′

∂z`+1,k̃

s ′(βT
`+1,k̃

z`)β`+1,k̃,k

∂zL+1,k ′

∂β`,k
=
∂zL+1,k ′

∂z`,k

∂z`,k
∂β`,k

=
∂zL+1,k ′

∂z`,k
s ′(βT`,kz`−1)z`−1

∂f

∂β`,k
=`′(yn, ŷn)

KL+1∑
k ′=1

∂zL+1,k ′

∂β`,k
+ λβ`,k
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SGD / Arrange Computations

2. Backpropagation:
for ` := L + 1, . . . , 1, k := 1, . . . ,K`:

for k ′ := 1, . . . ,KL+1:

∂zL+1,k ′

∂z`,k
=

K`+1∑
k̃=1

∂zL+1,k ′

∂z`+1,k̃

∂z`+1,k̃

∂z`,k
=

K`+1∑
k̃=1

∂zL+1,k ′

∂z`+1,k̃

s ′(βT
`+1,k̃

z`)β`+1,k̃,k

∂zL+1,k ′

∂β`,k
=
∂zL+1,k ′

∂z`,k

∂z`,k
∂β`,k

=
∂zL+1,k ′

∂z`,k
s ′(βT`,kz`−1)z`−1

∂f

∂β`,k
=`′(yn, ŷn)

KL+1∑
k ′=1

∂zL+1,k ′

∂β`,k
+ λβ`,k

β
(t)
`,k =β

(t)
`,k − η

(t) ∂f

∂β`,k
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Regularization of Neural Networks

I L2 regularization
I aka weight decay
I most frequently used method

I L1 regularization

I early stopping
I use a random sample of connections

I drop connect
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L2 regularization / Example

11.5 Some Issues in Training Neural Networks 399
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.

11.5 Some Issues in Training Neural Networks 399

Neural Network - 10 Units, No Weight Decay
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Training Error: 0.100
Test Error:       0.259
Bayes Error:    0.210

Neural Network - 10 Units, Weight Decay=0.02 
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Training Error: 0.160
Test Error:       0.223
Bayes Error:    0.210

FIGURE 11.4. A neural network on the mixture example of Chapter 2. The
upper panel uses no weight decay, and overfits the training data. The lower panel
uses weight decay, and achieves close to the Bayes error rate (broken purple
boundary). Both use the softmax activation function and cross-entropy error.
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[HTFF05, p. 399]
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Further Readings

I See [Mur12, chapter 16.5] and [HTFF05, chapter 11].
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