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Modern Optimization Techniques 1. Review

Example Il - The Logistic Regression

The logistic regression learning problem is

m
minimize = — Zy,- log o(xa;) + (1 — y;) log(1 — o(x" a;))
i=1
1 a7 a12 a13 aia yi
1 a1 a2 a3 a4 y2
Am,n =1. . . . . y= .
1 dm,1 dm2 dm,3 dma4 Ym
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Modern Optimization Techniques 1. Review

The Logistic Regression
First we need to compute the gradient of our objective function:

minimize ~ — Zy,- log 7(x"a;) + (1 — y;) log(1 — o(x " a;))
i=1

of; = 1
i=1 '

—(1- yf')l_;xrai)U(XTai) (1 - U(XTai)> ajk
= - Z}’iaik (1 - U(XTai)) —(1- y,-)a,-ka(xTai)
i—1

=— i ajk (y,- — a(xTai))
i=1
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Modern Optimization Techniques 1. Review

The Logistic Regression

Ofo z’": a (y (x"a ))
Ao =~ ik \Yi—0O i
Ox i—1

Now we need to compute the Hessian matrix:

82f0 _ - T T
m = — Z —a,-ka(x ai) (1 — O’(X a;)) ajj

m
=— Z aixajo(x" a;) (O’(XTai) - 1)
i=1
The Hessian H is an n X n matrix such that:
m
Hej ==Y anago(x"ay) <a(xTai) - 1)
i=1
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Modern Optimization Techniques 1. Review

The Logistic Regression
So we have our gradient Vfy € R” such that

Vx fo=— Zm:aik ()/i - U(XTai))

i=1

And the Hessian H € R"™":

Hk,j = — i a,-ka,-ja(xTa;) (a(xTa;) — 1)
i=1

the newton update rule is:

xtH = xt — ,uH*1Vfo
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Modern Optimization Techniques 1. Review

B
Newton's Method for Logistic Regression - Consideratio@

Biggest problem:

How to efficiently compute H~! for:

Za,kaua(x a;) ( (x"a) — 1)

Considerations:

» H is symmetric: Hy; = H;
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Matrix Inversion

Disclaimer: Never attempt to invert a matrix unless this is your last
resort!

Given a matrix A € R™" its inverse A~1 is a matrix such that:

AATL = |
Where:

» | is the identity matrix

» If no such matrix A~! exists A is called a singular matrix or
non-invertible
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Matrix Inversion - Easy cases

Small Matrices:

For A € R™" with n =2 or n = 3 it is still possible to compute A™!

Orthogonal Matrices:

If A€ R"™" is Orthogonal then AT A = | which means that A=t = AT
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Matrix Inversion - Easy cases

Diagonal Matrices:

If Ac R™"is diagonal, i.e. Ajj =0 for all i # j, its inverse is a matrix

A~1 such that

1

A_lil T

( )7 Al,i

1

A171 0 0 0 A1l (1) 0
0 A 0 0 U
A=| 0 0 Az 0 [at=f 0 0 2
0 0 0 Ann 0 0 0
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Matrix Inversion - Conclusions

We can compute the inverse of the Hessian if it is:

» Low dimensional (2 x 2 or 3 x 3)

» Diagonal

» Orthogonal

What to do if that is not the case?
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Avoiding the Inversion of the Hessian
Our goal is to compute the Newton Step:

Ax = —V2f(x) 1V H(x)

But we know:

» The gradient Vfy(x)
» The Hessian V2fy(x)

So we can rearrange the Step equation:

Ax = —V2fo(x) "1V (%)
V2fo(x)Ax = —Vfy(x)
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Modern Optimization Techniques 2. Excursion: Inverting Matrices

Avoiding the Inversion of the Hessian
V2fy(x) Ax = =V fy(x)

From this we know that the Newton step Ax is the solution to a linear
system of equations:
Ax=Db

Where:
» b is the negative gradient —Vfy(x)
> Ais the Hessian V2fy(x)
» x is the Newton step Ax

We need to know how to efficiently solve linear systems of
equations!
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

NN
Linear Systems of Equations “

Given A € R™" and b € R™! find x € R™ such that:

Ax=b

A general method to find x such that Ax —b = 0 is to solve:

min ||Ax — b]|3
X

Depending of how A looks like there can be specific algorithms for solving
the system:

For A diagonal:

_ bl b2 bn >
x=Alb= < S
A1 Ao Ann
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

NN
Linear Systems of Equations “

For A orthogonal:

x=A1lb=ATb

A special case of orthogonal matrices are permutation matrices:

Be m = (71, m2,...,m,) a permutation of (1,2...,n),

A= 1 ifj=m

0 otherwise
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

Forward Substitution

For A lower triangular, i.e. A;; =0 for all / < :

= A1
o = by — Az 1x1
Azo
5 = b3 — Az1x1 — Asz2x2
A33
Xy = b, — An,lxl - An,2X2 — ... An,n—lxn—l

An,n

This method is called forward substitution
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

M
Backward Substitution v

For A upper triangular, i.e. A;; =0 for all / > j:

bn
Xp =
An,n
X . bp—1 — An—1,n%n
-1 —
" An—l,n—l
. b1 — A1pxo — A13x3 — ... — A1nXp
1 =

A1

This method is called backward substitution
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

NN
Factor and solve method v

We can represent the matrix A as a product of different matrices
Ui, U, ..., Up:

A= Ul,... U,

Then we can solve the system by computing:

- - —1,/-1
x=A"b=U,"...U;'U; b
Which boils down to solving p equations:

U121 =b
Urzo =23
Upx = zp_1

If U; is diagonal, othogonal, lower or upper-triangular, the equations above
are “easy” to solvel!
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

LU Factorization

If A is nonsingular it can be
factorized as:

A= PLU

Where:
» P is a permutation matrix
» L is Lower triangular

» U is upper Triangular

We can solve Ax = b for A
nonsingular as follows:

1. LU-Factorize A such that

A= PLU

2. Solve Pz; =b
3. Solve Lzy = z; with Forward

Substitution

4. Solve Ux = z, with Backward

Substitution
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Modern Optimization Techniques 3. Excursion Il: Solving Linear Systems of Equations

Other Factorizations

Cholesky:

» For positive definite A
» A=1LLT

» L is lower triangular

LDLT:

» nonsingular symmetric A
» A= PLDLTPT

» L is lower triangular, P is a permutation matrix, D is block diagonal
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Modern Optimization Techniques 4. Newton's method Revisited

Newton's method

The Newton's method can be then rewritten without the inverse of the
Hessian as the follows:

Repeat until convergence:

1. Solve V2f(x)Ax = —Vf(x) for Ax
2. Get step size p (line search)

3. Update x : x < x 4+ pAx
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Modern Optimization Techniques 4. Newton's method Revisited

Newton's method

1: procedure NEWTONS METHOD
input: fy,

2 Get initial point x

3 repeat

4 Ax + Solve V2f(x) Ax = —Vf(x)

5 Get Step Size

6: X X+ pAx

7 until convergence

8 return x, fo(x)

9: end procedure
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Modern Optimization Techniques 4. Newton's method Revisited 4.1 Quasi-Newton Methods

B
Quasi-Newton Methods v

Solving one linear system of equations per update can be infeasible for
large scale problems

The same holds for computing and storing the second derivatives

Quasi-newton Methods replace the Newton update:

ANewtonX — *szb(X)_1VﬂJ(X)

with an approximation

ANy — _H71Vf(x)
where H >~ 0 is an approximation of the Hessian at x
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Modern Optimization Techniques 4. Newton's method Revisited 4.1 Quasi-Newton Methods

Quasi-Newton Method

1: procedure QUASI-NEWTON METHOD
input: fy

2: Get initial point x(0)

3: t< 0

4: repeat

5: Compute H(™

6: Ax +— —HOT' v (x(®)
7: Get Step Size

8: x(HD) x4+ pAx

9: t—t+1

10: until convergence

11: return x, fo(x)

12: end procedure
Methods differ in how they perform line 4 (compute H~1)
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Modern Optimization Techniques 4. Newton's method Revisited 4.1 Quasi-Newton Methods

NN
Broyden-Fletcher-Goldfarb-Shanno (BFGS) i

Be:

> S = x(t) — x(tfl)

» g = V) - VFxxED)
We can update H(1):

HO) — =1 | gg’  H(DssTH()
g’s sT H(t-1)g

or we can update the inverse directly:

HO™ — (= g HE=D ) £ + i
g’s g’s) g's
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Modern Optimization Techniques 4. Newton's method Revisited 4.1 Quasi-Newton Methods

Limited Memory BFGS (L-BFGS)

Although BFGS may be faster to compute, we still need to store H

L-BFGS solves this by storing the r most recent values of s and g:
Forj=t—rit—r+1,t—r+4+2,... ¢t

sU) — xU) _ x(G-1)
gl) = vi(xU)) — vF(xU—)

At each epoch t, H® ™" is computed recursively:
Forj=t—rit—r+1,t—r+2,...,t

pot (159897 i (8980 +s(j)s(j)T
g()7s0) gi)7st) | T gt

with HE=N™" = |
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