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Modern Optimization Techniques 1. Review

Gradient Descent

[ary

: procedure GRADIENTDESCENT
input: fy

2 Get initial point x

3 repeat

4 Get Step Size

5: x = x — uVi(x)

6 until convergence

7 return x, fo(x)

8: end procedure
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Modern Optimization Techniques 1. Review

Stochastic Gradient Descent (SGD)

1: procedure STOCHASTICGRADIENTDESCENT
input: fy,

2 Get initial point x

3 repeat

4 foriel,.... mdo

5: x —x— uVg(x,i)

6: end for

7 until convergence

8 return x, fo(x)

9: end procedure
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Modern Optimization Techniques 1. Review

Techniques to adjust the step size

» Fixed step size
» Bold-Driver
» Evaluate the objective function fy(x")
» if fo(xt) < fo(xt~1) then increase 1
> else fo(x?) > fo(x!~1) then decrease i
» AdaGrad
» Update the gradient history h — h + V,g(x, i) o Vig(x, i)
» The step size for parameter x; is

o
h;
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Modern Optimization Techniques 2. Coordinate Descent

. N R
Coordinate Descent v

» Gradient Descent and Stochastic Gradient Descent:

» Use first order information (the gradient) to update all the variables
» Because of that they belong to the class of First-Order Methods

» Instead of optimizing all the variables, we can optimize them one at a
time

Coordinate wise minimization:
Suppose we want to minimize a function 5 : R" — R

Find x7 for i = 1,...,n one at a time such that

f(x*) = min fo(x)
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Modern Optimization Techniques 2. Coordinate Descent

Can we do Coordinate-wise minimization? v

Suppose we have a convex and differentiable function fp : R" — R

If we have a point x that is optimized (minimized) on each axis, is x a
global optimum?

Question: Suppose fo(x*) = min fy(x), is it always true that:

fo(x* +wo e(i)) > fo(x*)

foreveryweR"and 1 <i<n?

Where:

» e() € R" is a standard basis vector such that: e,-(i) =1 and e}i) =0
for i #j
» o denotes the elementwise product
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Modern Optimization Techniques 2. Coordinate Descent

Can we do Coordinate-wise minimization?

Question: Suppose fo(x*) = min fo(x), is it always true that:

fo(x* +w o e) > f(x*)

foreveryweR"and 1 <i<n?

For fy convex and differentiable, if x* minimizes f;, then:

o [Of(x*) Of(x") ofo(x*)\
VfO(X)_< ox; T ooxy T oxx =0

but what about non-differentiable functions?
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Modern Optimization Techniques 2. Coordinate Descent

Can we do Coordinate-wise minimization?

Non-smooth function:

7
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https://www.cs.cmu.edu/~ggordon/10725-F12/slides/25-coord-desc.pdf
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Modern Optimization Techniques 2. Coordinate Descent

Can we do Coordinate-wise minimization?
We actually can use Coordinate Descent on functions of the type:

fo(x) = g(x) + Z hi(x;)
i—1

where:
» g is smooth and convex
» each h; is convex

Proof: x* is the minimizer of fy. for any «,

fo(a) — fo(x) = Vg (x*) " (a —x* +Z[h(a: — hi(x})]

= Z[V,g(x*)(a; —x;) + hi(a;) = hi(x7)] > 0
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Modern Optimization Techniques 2. Coordinate Descent

Coordinate Descent

We start with an initial guess x(©)

Repeat the following steps for t =1,2,3

th) < arg min fo(xq, xgt_l), th_l), ‘o ,th_l))
X1
(t) < argmin fo(x1 ) X2, th 1), .-,th_l))
X2
(t) < argmin fo(x1 gt), 3y ,ngt_l))
X3

xiy) < arg min fo(x{", x$7 (), xn)
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Modern Optimization Techniques 2. Coordinate Descent

Coordinate Descent Algorithm

1: procedure COORDINATEDESCENT

input: fy

2: Get initial point x(©)
3: t+1
4: repeat
5: xgt) < arg min, fo(xl,xgtfl),x
t . t
6: xg) < argmin,, fo(xg ),XQ,x3
t . t) (t
7: xg) < argmin,, ﬁ)(xg),xg),X3,...,x,,
0: fo) < argmin, fo(x(lt),xgt),x3 e
10: t«—t+1
11: until convergence
12: return x, fo(x)

13: end procedure
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Modern Optimization Techniques

2. Coordinate Descent

Coordinate Descent Algorithm
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http://en.wikipedia.org/wiki/Coordinate_descent
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Modern Optimization Techniques 2. Coordinate Descent

. . ) P2
Coordinate Descent - Considerations v

» The order through in which we cycle through the coordinates is
arbitrary

» We may update blocks of coordinates at a time instead of only one

» Updating all variables at a time (all-at-once) does not necessarily
converge

» No need to adjust a step-size!!

» Works poorly with non-smooth functions
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

For x € R2

min  (a1x3 — axxo + a3)2
X

Algorithm:

» Initialize xgo), xgo)

» Repeat until convergence:

> th) < argmin,_ (a1x — azxgtf + a3)?
(t) (t)

> Xy’ < argmin(a;x;’ — axxp + a3)?

1)
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

argmin(a;x; — axxo + a3)2
x1

Find a closed form solution:
din(alxl — asrxo + 33)2 ; 0
d

7(31X1 — asXo + 33)2 = 2(31X1 — asXo + 33)31
dxq

|
2(31X1 — asXo + 33)31 =0
2a%x1 —2ai1axxp +2a1a3 =0

23%X1 = 23132X2 — 23133

axxp — as

X1 = —
al
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

argmin(aixy — axxo + a3)2
x2

Find a closed form solution:

d !
TXQ(QI)Q — asXo + 33)2 =0
d 2
d—Xz(alxl —apxp + a3)° = —2(a1xy — axxo + az)az

0

—2a1axx1 + 23%X2 —2aa3 =0

— 2(81X1 — arXp + 33)32

23%X2 = 2aiaxx1 + 2ara3
aixy + as
an

X2 =
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

For x € R2

min  (a1x3 — axxo + a3)2
X

Algorithm:

» Initialize xgo)’ xgo)

» Repeat until convergence:

(r—l)i
> X(lt) - axx, as

ai

(t)
(t) a1xy +as
> Xy &
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example
Forx € R? a3 =01 a=2,a3=1

(0.1x1 — 2xp + 1)?

min
(t=1) (t)
2 -1 1 1
K e S e : e
Start with x(o) =1 xg ) — 2
(1) 2:2— =30

> xp o 2271

> xg ) 013041 _ o
x{M =30, x{M =2

» x{?) 221 _ 39

> Xg)%0130+1 5
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

For the problem

m m n 2
minimize Z(y; - xTai)2 = Z Vi — ij-a,-j
i=1 i=1 j=1
We can compute the update rule for a specific xx:
Ofo(x)
— =0
8xk

Ofy(x °
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression
m n
2‘23,’;(- y,-—ZxJ-a,-j =0
i=1 j=1
m m n
Do Yo Yo =0
i=1 i=1 j=1
n
Z Ak " Yi — Z Ajk | Xkaik + Z xjajj | =0

J=1, j#k
m m m n
E ajk - Yi — E jk - Xkaik — E ajk - E xjajj =0
i=1 i=1 =1 j=1, j#k
m m m n
. : 2 . 2 =0
ik * Yi — Xk ik — ik - Xjalj —
i=1 i=1 i=1 =1, j#k
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

m m m n

2
Zafk-y;—Xk§ 3ik_§ ik - E xjajj =0
i—1 i=1 i=1

=1, j#k

m m m n
2
Xk'E a;kZE 3ik'}/i_E ajk - § Xjdajj
i=1 i=1 i=1

=1, j#k
m n
D i1 ik - (Yi = Dj=1, jk Xjaij)
XK = m >
Dot @
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Modern Optimization Techniques 3. Examples

NN
Linear Regression Coordinate Descent - Simple Algorithﬁ

1: procedure LINEAR REGRESSION-CD
input: fy

2 Get initial point x(©)

3 repeat

4 for kel,...ndo

5 X 2y a’k'(g;i:;kl,j#k x2;)
6: end for

7 until convergence

8 return x, fy(x)

9: end procedure
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

For each parameter we have the following update rule:

Doy ik - ()/i - Z]:l,j;ék Xjaij)
2
Do

XKk =

One Coordinate descent epoch has a cost of O(m - n?)!

Can we do it faster?
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

For each parameter we have the following update rule:

Doy ik (Yi - Zf:Lj;ék Xjaij)

Xk = m 5
Doty A
We can rewrite:
m n m n
E Yi— E Xjajj | = E Yi— § Xjaij + Xkaik
i=1 j=1, j£k i=1 j=1
m n m
= E Yi— § Xjajj | + § Xk ik
i=1 j=1 i=1
m n m
:E )/i—E Xjajj +Xk§ Ajk
i j=1 i=1

Il
i
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

From which we have:
Z 1 9ik <YI - Zj:l,j;ék Xjaij)
PRy a?k

Xk —

Yo ik (y, — > xai + xi’da,-k)
- >
oy A
_ D 3k (y; ~ 2= Xjaij) n Sy aic (xPai)
> /2k >y a%k
n
_ Z 1 9ik (y, - ijl Xja,-j> N Xild ) 27721 22
PRy algk Py a,zk
p) k
Zml ik
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

Now we have:

D i1 ik - <Yi -2 Xjafj)
PIHEEF

’
Xk = + xg

So we can define our residual vector r € R™ such that

n
n=yi— Y xaj
j=1
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

After each update of xx, we can maintain r; instead of recomputing it

given the old value xi'd:

n
new __ .= ;e old,+ .
fi =i Xjajj — Xy ik + Xkaik
J=1
_ ,old old
= 7%+ (xR — xk)aik
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

Now our algorithm looks like:

1. Initialize x
2. Compute rj = yi =31, Xjaj;
3. While Not Converged
3.1 Foreach k=1,...,n
3.1.1 x¢ « x;
3.1.2 x¢ M

+ Xild
i=1 Fik

3.1.3 Forallir < ri+ (xi’d — Xk)aik

This algorithm is now O(m - n)!
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Modern Optimization Techniques 3. Examples

Linear Regression Coordinate Descent Algorithm

1: procedure LINEAR REGRESSION-CD
input: fy

2: Get initial point x(©)

3 r—y— Ax(®

4: repeat

5: for kel,...ndo

6: xi’d — Xk

e S o
8: foriecl,...mdo

9: ri < ri+ (xi’d — Xk )ajk
10: end for

11 end for

12: until convergence

13: return x, fy(x)

14: end procedure
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Modern Optimization Techniques 3. Examples

Real World Dataset: Body Fat prediction

We want to estimate the percentage of body fat based on various

attributes:

>

>

>

Age (years)

Weight (Ibs)

Height (inches)

Neck circumference (cm)
Chest circumference (cm)
Abdomen 2 circumference (cm)
Hip circumference (cm)

Thigh circumference (cm)

Knee circumference (cm)

> ...

http://1ib.stat.cmu.edu/datasets/bodyfat
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Modern Optimization Techniques 3. Examples

B
Real World Dataset: Body Fat prediction “

The data is represented it as:

1 a1 a2 ... ain yi

1 32,1 3272 e 327,, Y2
Amn = : : : : : y=

1 ami am2 ... amn Ym

with m =252, n=14
We can model the percentage of body fat y is a linear combination of the
body measurements with parameters x:

Vi = xTai =xpl + X18j1 +X2aj2 + ...+ Xpajn
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Coordinate Descent - Body fat dataset

Linear Regression

1.8 ; :
— Gradient Descent
1.6f — SGD+ADAGRAD 1
SGD
1.4 —  Newton 1
— Coordinate Descent

Oo L L L L
0 20 40 60 80 100
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Modern Optimization Techniques 3. Examples

Year Prediction Data Set

v

Least Squares Problem

v

Prediction of the release year of a song from audio features
90 features

v

v

Experiments done on a subset of 1000 instances of the data
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3. Examples

Coordinate Descent - Year Prediction

3000

Linear Regression

2500

2000

1500}

1000

500

Gradient Descent
SGD+ADAGRAD
SGD

Newton
Coordinate Descent
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