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Modern Optimization Techniques 1. Distributed Optimization

Problem set up

Given an equality constrained problem:

minimize  fp(x)

subjectto Ax=b

The Lagrangian is given by:

L(x,v) = fo(x) + v(Ax — b)
And the dual:

g(v) =inf L(x,v)
X
We solve it by
1. v* = argmax, g(v)
2. x* := arg min, L(x,v*)
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Modern Optimization Techniques 1. Distributed Optimization

Dual Ascent

We can apply the gradient method for maximizing the dual:
Vt-i—l — Ut + uth(ut)

where, given that x’ = argmin L(x, v"):

Vg(v') = AxX' +b

Which gives us the following method for solving the dual:

x' 1 < arg min L(x, v%)

Vt—i—l «— I/t + Mt(Axt—i-l + b)
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Modern Optimization Techniques 1. Distributed Optimization

Dual Decomposition

Now suppose fy can be rewritten like this:

fo(x) = fi(x1) + f(x2) +

Partitioning A =
Lagrangian as:

L(x,v) = fo(x) + v(Ax — b)
L(x,v) = fi(x1) +.

L(x,v) = f(x1) + v’ Aix1 +
L(x,v) = Ly(x1,v) +.

Where: Li(x;,v) = fi(x;) + v Aix;

Lucas Rego Drumond, Information Systems and Machine Learning La
Distributed Optimization and Review

ot fN(XN),

.o+ fN(XN) + I/(Alxl + ...

X = (X1,X2,...,Xpn)

[A1--- An] so that D7 ; Aix; = Ax, we can write the

+ Apx, — b)

..ot fN(XN) + UTANXN —v'b
o+ Ly(xn,v) —

v’b
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Modern Optimization Techniques 1. Distributed Optimization

Dual Decomposition
The problem

x' 1= arg min L(x, ")
X

With the Lagrange function

N
L(x,v) = Z Li(xi,v) —vThb
i=1

where Li(x;,v) = fi(x;) + v T Aix;

Can be solved by N minimization steps:

t+1 . sy, ot
x; "= argmin L;(x;,v")

X
carried out in parallel
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Modern Optimization Techniques 1. Distributed Optimization

Dual Decomposition

Dual decomposition method:

t+1 : t
x; " <= argmin L;(x;, V")
Xj

n
pl ot 4 ut Z A,-for:l +b
i=1
At each step:
» vt have to be broadcasted

> xf“ are updated in parallel

> A,-forl are gathered to compute the sum 27—1 A,-xf+1

Works if assumptions hold but often slow!!
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Modern Optimization Techniques 1. Distributed Optimization

Method of Multipliers

The method of multipliers uses the augmented lagrangian, s > 0:

Lo(x,v) = fo(x) + v(Ax = b) + ()| Ax — bl

and solves the dual problem through the following steps:

x « arg min Ly(x, ")
X

Vt—‘rl — l/t +s (Axt—‘rl + b)

» Converges under more relaxed assumptions

» AugmentedlLagrangian not separable because of the additional term
(no parallelization)
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Modern Optimization Techniques 1. Distributed Optimization

B
Alternating Direction Method of Multipliers (ADMM) i

ADMM assumes the problem can take the form:

minimize  fo(x) + ho(«)
subject to Ax+ Ba=c

which has the following augmented lagragian:

Lo(x, o, v) = fo(x) + ho(a) + v (Ax + Ba — ¢) + (%)HAX + Ba — |2

and solves the dual problem through the following steps:

x' < arg min Ly(x, of, )

X

ot argmin Ly(x** o, vt)
«

Vt+1 — Vt +s (AxH'l + Bat+1 o c)
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Modern Optimization Techniques 1. Distributed Optimization

B
Alternating Direction Method of Multipliers (ADMM) i

x' 1 < arg min Ly(x, of, 1Y)

X

at—‘r (Xt+l

L argmin L o, vh)
(0%

yt+1 «— Z/t +s (Axt+1 + Bat+1 _ C)

At first ADMM seems very similar to the method of multipliers

» It reduces to the method of multipliers if x and « are optimized jointly

» if fy or hg are separable we can now perform the updates of x (or «)
in parallel
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Modern Optimization Techniques 1. Distributed Optimization

NN
ADMM: scaled form v

We can rewrite the ADMM algorithm in a more convenient form.

From the augumented Lagrangian:

Lo(x, 0, v) = fo(x) + ho(a) + v (Ax + Ba = €) + (3)|[Ax + Ba — |3

we can define: r = Ax + Ba — ¢ so that:

1

s s 1
v+ Gl =2l — vl - o

2
l:

S S
= 2lle+ull3 - 2l

where u = %1/
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Modern Optimization Techniques 1. Distributed Optimization

ADMM: scaled form VA

From the augumented Lagrangian:
s
Ls(x, 0, v) = fo(x) + ho(a) + v (Ax + Ba — €) + (5)||Ax + Ba — c[3
And r = Ax+ Ba —c:

S S S
vTe+ (Sl = 21+ w3 — 2lul

1

where u = SV, we have:

xt 1 arg min fo(x) + %HAX + Baf —c +uf|3
X

ot < arg min ho(a) + %HAXH_l + Ba—c +ut||3
[0

ui ! uf + AxF 4+ Battt — ¢
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Modern Optimization Techniques 1. Distributed Optimization

Example: Machine Learning

The data is represented it as:

1 dix dip ... din %1

1 d1 dop ... doy Y2
Dm,n =1 : : . . y = .

1 dm,l dm,2 cee dm7n Ym

We want to learn a model to predict y from X through parameters x:

Vi = XTdi =xol +x1di1 +x2dio+ ...+ Xpdi
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Modern Optimization Techniques 1. Distributed Optimization

M
Example: Machine Learning A

Be /: R™ — R is a loss function and r : R” — R is a regularization term
the problem of learning a linear model can be written as:

minimize /(Dx —y) + r(x)

Most losses | can be decomposed into losses on datapoints:

m
minimize Z /,'(XTdi — i)+ r(x)
i=1
Example: Ridge (Linear) Regression:
.. 2 2
minimize ||Dx — y||5 + A||x||5 =
m n
minimize Z(XTdi —yi)* + /\ij
i=1 Jj=1
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Example: Machine Learning
Now we can rewrite our problem

minimize /(Dx —y) + r(x)
as

minimize  /(Dx —y) + r(a)
subjectto x—a=0

And solve it through ADMM:

x < argmin /(Dx — y) + I/tT(X —a')+ %||x — a3
X

s
ot argmin r(a) + vt (xP — o) + §||xt+:l
«
vty (Ax“‘1 + Ba!t! — c)

—alf3
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Modern Optimization Techniques 1. Distributed Optimization

Example: Machine Learning
Given that the loss function is separable:

M
minimize Z li(xTdi — yi) + r(a)
i=1
subjectto x—a =0

We can rewrite the algorithm like:

_ s
xI  argmin I(Dix; — y;) + EHXi — o' +uf[|3

Xj

at—l— t+1 ﬁt”%

1 : Ms _
«—argminr(a) + —||a — X
o 2
ul uf pxftt ottt

And solve for different x; in parallel
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Modern Optimization Techniques 2. Wrap up

Unconstrained Optimization Problems

An unconstrained optimization problem has the form

minimize  fo(x)
Where:

» fp: R" — R is convex, twice differentiable

» An optimal x* exists and f(x*) is attained and finite
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Modern Optimization Techniques 2. Wrap up

Descent Methods VA

[y

: procedure DESCENTMETHOD
The next point is generated input: fy
using Get initial point x
repeat
Get Update Direction Ax
Get Step Size

2
> A step size p 3
4
5
6: xIT — xt 4+ pAxt
7
8
9

» A direction Ax such that

until convergence
return x, fo(x)
. end procedure

fo(x* + qut_l) < fb(xt_l)
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Modern Optimization Techniques 2. Wrap up

Methods For Unconstrained Optimization

» Gradient Descent:

Ax = —Vip(x)

» Stochastic Gradient Descent:
» If the function is if the form fo(x) = > | g(x,i):

»
Aix = —=Vg(x,i)
» Coordinate Descent:
()
X

< arg min fo(xgt),xgt), U xE,t_l))

Xk
» Newton's Method:

Ax = —V2fo(x) "1V (%)
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Modern Optimization Techniques 2. Wrap up

Choosing the step size

» The step size p is a crucial parameter to be tuned
» Possible alternatives:

» Fixed step size
» Line Search

» Bold-Driver

» Adagrad
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Modern Optimization Techniques 2. Wrap up

NN
The Subgradient Method “

Be fy a nondifferentiable and convex function fp : R” — R and x € R":

minimize  fp(x)

Be gt any subgradient of fy at x!

1. Start with an initial solution x(®)
2. t+0
3. Repeat until convergence

3.1 Find xt™! = xt — p,g?
32 t+t+1

4. Return fopest = Minj—1 . ; fo(xj)
The subgradient method is not a descent method!
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Modern Optimization Techniques 2. Wrap up

Convex Constrained Optimization Problems
A constrained optimization problem:

minimize  fo(x)
subject to  fi(x) <0, i=1,....m

is convex iff:

> fy,..., fym are convex
> hi,..., hp are affine

minimize  fy(x)
subject to  fi(x) <0, i=1,....m
Ax=b
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Modern Optimization Techniques 2. Wrap up

B
Lagrangian “

The primal Lagrangian of a constrained optimization problem is a
function L : R” x R™ x RP — R:

P
L(x, \, v) = fo(x +ZH )+ wihi(x)
i=1

Be D the domain of the problem, the dual Lagrangian of a constrained
optimization problem is a function g : xR™ x RP — R:

= inf L
g(\v) jnf (x, A\, v)

m P
= inf | f Aifi ihi
i (500 w00+ v
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Modern Optimization Techniques 2. Wrap up

B
Karush-Kuhn-Tucker (KKT) Conditions i

The following conditions are called the KKT conditions:

1. Primal feasibility: f;(x) <0 and hj(x) =0 for all 7,

2. Dual feasibility: A =0

3. Complementary Slackness: \;fi(x) = 0 for all i

4. Stationarity: Vfo(x) + > 7, NiVFfi(x) + > F_; viVhi(x) =0

If strong duality holds and x, A, v are optimal, then they must satisfy the
KKT conditions

If x, A\, v satisfy the KKT conditions, then x is the primal solution
and (\,v) is the dual solution
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Modern Optimization Techniques 2. Wrap up

Solving ECP through the KKT Conditions

Given the following problem:
minimize  fo(x)
subjectto Ax=b
The optimal solution x* must fulfil the KKT Conditions:

» Primal feasibility: hj(x*) =0
» Stationarity: Vi(x*) + > 8, vjVhi(x*) =0

IR
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Modern Optimization Techniques 2. Wrap up

Newton's method for Equality Constrained Problems

1: procedure NEWTONS METHOD
input: fy, initial feasible point x € dom fy and Ax =b
2: repeat

. [V2h(x) AT] [Ax —Vih(x)
3: Get A by solving [ A 0] [w} = [ 0 ]
4 Get Step Size
5 X — X + pAx
6: until convergence
7 return x, fy(x)
8. end procedure

What if we don’t have a feasible x to start with?
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Modern Optimization Techniques 2. Wrap up

The Interior Point Methods

1:

® N o

9:
10:

procedure BARRIER METHOD

input: strictly feasible x(©), 0 > 0, step size u > 1, tolerance € > 0

t =t
x = x°
while m/t < e do
/* Centering Step */
(0 = argming th(x(0) + o).
subject to Ax(t) =
starting at x(t) = x
x = x*(t)
t:=ut
end while
return x
end procedure
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Modern Optimization Techniques 2. Wrap up

Cutting Plane Methods

1:

[
N B2

13:
14:

© 0N as Dn

procedure CUTTING PLANE METHOD
input: Initial Polyhedron Py = {a|Cax = d}

t<+0
while not converged do
Get a point xtt! € P,
Query the oracle at x*
if x't! € B then
return xt*1
end if
Per1+ Pen{aful o < ver}
if Prar = 0 then
Quit
end if
t+—t+1
end while

1
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