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Modern Optimization Techniques

1. Introduction

A convex function

ol(x) = X2
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Modern Optimization Techniques

1. Introduction

A non-convex function
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f(x)
\ fo(x) =40.1x2 + sin x
~
X
Nt
o
Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

DA

3/ 40



Modern Optimization Techniques 1. Introduction

Convex Optimization Problem

An optimization problem

minimize  fo(x)
subject to  fi(x) <0, i=1,..
Ax=b

.,m

is said to be convex if fy, ... f, are convex
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Modern Optimization Techniques 1. Introduction

Convex Optimization Problem

An optimization problem

minimize  fo(x)
subject to  fi(x) <0, i=1,...,m
Ax=b
is said to be convex if fy, ... f, are convex

How do we know if a function is convex or not?
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2. Convex Sets
Qutline

2. Convex Sets
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Modern Optimization Techniques

2. Convex Sets
Affine Sets

For any two points x1, x2 we can define the line through them as:
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2. Convex Sets
Affine Sets

For any two points x1, x2 we can define the line through them as:

x=0x+(1-0)x 06k
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For any two points x1, x2 we can define the line through them as:

x=0x+(1-0)x 06k

Example:




Modern Optimization Techniques 2. Convex Sets

Affine Sets A

For any two points x1, x2 we can define the line through them as:

x=0x+(1-0)x 06k

Example:
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Modern Optimization Techniques 2. Convex Sets

Affine Sets - Definition i

An affine set is a set containing the line through any two distinct points
in it

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

/ 40



Modern Optimization Techniques 2. Convex Sets

Affine Sets - Definition A

An affine set is a set containing the line through any two distinct points
in it

Examples:

» R” for n € N*

» Solution set of linear equations {x|Ax = b}
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2. Convex Sets

Convex Sets

The line segment between any two points xi, xp is the set of all points:
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2. Convex Sets

Convex Sets

The line segment between any two points xi, xp is the set of all points:
x=0x1+(1—-0)x

0<0<1
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Convex Sets

The line segment between any two points xi, xp is the set of all points
x=0x+(1—-0)x 0<6<1

Example:
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x=0x+(1—-0)x 0<6<1
Example:
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Convex Sets
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Example:
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The line segment between any two points xi, xp is the set of all points
x=0x+(1—-0)x 0<6<1

Example:

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

40



Modern Optimization Techniques 2. Convex Sets

Convex Sets

The line segment between any two points xi, xp is the set of all points:
x=0x+(1—-0)x 0<6<1

Example:

A convex set contains the line segment between any two points in the set
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2. Convex Sets

Convex Sets - Examples
Convex Sets:
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2. Convex Sets

Convex Sets - Examples
Convex Sets:

©

Non-convex Sets:
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Modern Optimization Techniques 2. Convex Sets

. . P2
Convex Combination and Convex Hull v

(standard) simplex:
N

AV .={perRN|6,>0,n=1,...,N; Zanl}

n=1

convex combination of some points xi,...xy € RM: any point x with

X =01x1 + 02xo+ ...+ Onxp, QEAN

convex hull of a set X C RM of points:

conv(X) :=={bix1 + 0220+ ...+Ouxy | N EN,xq,...,xy € X,0 € AN}

i.e., the set of all convex combinations of points in X.
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3. Convex Functions
Outline
3. Convex Functions
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Modern Optimization Techniques

3. Convex Functions

Convex Functions

A function f : X — R, X C R" is convex iff:
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Modern Optimization Techniques

3. Convex Functions

Convex Functions

A function f : X — R, X C R" is convex iff:
» dom f = X is a convex set
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Modern Optimization Techniques 3. Convex Functions

Convex Functions

A function f : X — R, X C R" is convex iff:
» domf = X is a convex set
» for all x;,xp € domf and 0 < 6 <1 it satistfies

f(9X1 + (1 — 9)X2) < 0f(x1) + (1 — Q)f(Xz)

(the function is below any of its chords/secant segments.)
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Convex Functions

A function f : X — R, X C R" is convex iff:
» domf = X is a convex set
» for all x;,xp € domf and 0 < 6 <1 it satistfies

f(9X1 + (1 — 9)X2) < 0f(x1) + (1 — Q)f(Xz)

(the function is below any of its chords/secant segments.)

(%2, f(x2))
(x1, f(x1))
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3. Convex Functions

Convex functions

f(x)
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3. Convex Functions

Convex functions

f(x)

X1

X
X
> Ox1+ (1 —0)x
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3. Convex Functions

Convex functions

f(x)

X1

X
X
> Ox1+ (1 —0)x

> (9X1 =+ (1 — 9)X2, f(@Xl —+ (1 — Q)Xz))
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Modern Optimization Techniques 3. Convex Functions

Convex functions

f(x)

X1 X2

> Ox1+ (1 —0)x
> (9X1 =+ (1 — 9)X2, f(€x1 —+ (1 — Q)Xg))
> (Ox1 + (1 —0)x2,0f(x1) + (1 — 6)f(x2))

i
S
p
i)
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Modern Optimization Techniques 3. Convex Functions

How are Convex Functions Related to Convex Sets?

epigraph of a function f : X = R, X CR":

epi(f) == {(x,y) e X xR |y > f(x)}
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Modern Optimization Techniques 3. Convex Functions

How are Convex Functions Related to Convex Sets?

epigraph of a function f : X = R, X CR":

epi(f) == {(x,y) e X xR |y > f(x)}

f is convex (as function) <= epi(f) is convex (as set).

proof is straight-forward (try it!)
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3. Convex Functions

Concave Functions

A function f is called concave if —f is convex
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3. Convex Functions

Concave Functions

A function f is called concave if —f is convex

A Concave Function

f(x)

fo(x) = —x?
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Modern Optimization Techniques 3. Convex Functions

Concave Functions

A function f is called concave if —f is convex

A Concave Function A Convex Function

v T R
o\X) =X

fo(x) = —x?2 X
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3. Convex Functions

Strictly Convex Functions

A function f : X — R, X C R" is strictly convex

if:
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3. Convex Functions

Strictly Convex Functions

A function f : X — R, X C R" is strictly convex if
» dom f is a convex set
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Modern Optimization Techniques 3. Convex Functions

Strictly Convex Functions

A function f : X — R, X C R" is strictly convex if:
» dom f is a convex set

» for all x3,x0 € domf, x # y and 0 < 0 < 1 it satistfies

f(0x1+ (1 —0)x2) < Of(x1) + (1 — 0)f(x2)
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3. Convex Functions
Examples

Examples of Convex functions:
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3. Convex Functions
Examples

Examples of Convex functions:

» affine: f(x) = ax+ b, with domf =R and a,b € R
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Modern Optimization Techniques 3. Convex Functions

Examples

Examples of Convex functions:

» affine: f(x) = ax+ b, with domf =R and a,b € R

» exponential: f(x) = e, with a e R
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Modern Optimization Techniques 3. Convex Functions

Examples

Examples of Convex functions:
» affine: f(x) = ax+ b, with domf =R and a,b € R
» exponential: f(x) = e, with a e R
» powers: f(x) = x?, with domf =Rj and a>1ora<0
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Examples of Convex functions:
» affine: f(x) = ax+ b, with domf =R and a,b € R
» exponential: f(x) = e, with a e R
» powers: f(x) = x?, with domf =Rj and a>1ora<0

» powers of absolute value: f(x) = |x|?, with domf =R and a > 1
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Examples of Convex functions:
» affine: f(x) = ax+ b, with domf =R and a,b € R
» exponential: f(x) = e, with a e R
» powers: f(x) = x?, with domf =Rj and a>1ora<0
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» negative entropy: f(x) = xlog x, with dom f = R*
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Examples

Examples of Convex functions:

v

affine: f(x) = ax + b, with domf =R and a,b € R

exponential: f(x) = e®, with a € R

powers: f(x) = x?, with dom f = Rf{ anda>1lora<o

powers of absolute value: f(x) = |x|?, with domf =R and a > 1
negative entropy: f(x) = xlog x, with dom f = R*

v

v

v

v

Examples of Concave Functions:
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Examples of Convex functions:

» affine: f(x) = ax + b, with domf =R and a,b € R

exponential: f(x) = e®, with a € R

powers: f(x) = x?, with domf =R§ and a>1ora<0

powers of absolute value: f(x) = |x|?, with domf =R and a > 1
negative entropy: f(x) = xlog x, with dom f = R*

v

v
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Examples of Concave Functions:
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exponential: f(x) = e®, with a € R

powers: f(x) = x?, with domf =R§ and a>1ora<0

powers of absolute value: f(x) = |x|?, with domf =R and a > 1
negative entropy: f(x) = xlog x, with dom f = R*

v

v

v

v

Examples of Concave Functions:
» affine: f(x) = ax+ b, with domf =R and a,b € R
» powers: f(x) = x?, with dom f = R(J)r and0<a<1
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Examples of Convex functions:

» affine: f(x) = ax + b, with domf =R and a,b € R

exponential: f(x) = e®, with a € R

powers: f(x) = x?, with domf =R§ and a>1ora<0

powers of absolute value: f(x) = |x|?, with domf =R and a > 1
negative entropy: f(x) = xlog x, with dom f = R*

v

v

v

v

Examples of Concave Functions:
» affine: f(x) = ax+ b, with domf =R and a,b € R
» powers: f(x) = x?, with dom f = R(J)r and0<a<l1
» logarithm: f(x) = log x, with dom f = R*
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Modern Optimization Techniques 3. Convex Functions

Examples

Examples of Convex functions:
All norms are convex!

» Immediate consequence of the triangle inequality and absolute
homogeneity.
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Examples

Examples of Convex functions:
All norms are convex!

» Immediate consequence of the triangle inequality and absolute
homogeneity.

» ForxeR", p>1:

1
p-norms: ||x||, = (31, [xi|P)>,
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Examples

Examples of Convex functions:
All norms are convex!

» Immediate consequence of the triangle inequality and absolute
homogeneity.

» Forx e R”, p>1:
1
p-norms: ||x||, = (31, [xi|P)>,

> [Ix[oo = maxi |xk|
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Modern Optimization Techniques 3. Convex Functions

Examples

Examples of Convex functions:
All norms are convex!

» Immediate consequence of the triangle inequality and absolute
homogeneity.

» ForxeR", p>1:

1
p-norms: ||x||, = (31, [xi|P)>,

> [Ix[oo = maxi |xk|

Affine functions on vectors are also convex: f(x) =a’x+ b
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Modern Optimization Techniques 3. Convex Functions
.. N
1st-Order Condition “

f is differentiable if dom f is open and the gradient

V) = <af(x) 0f (x) 8f(x)>

Ox1 " Oxo 7 Oxp

exists everywhere.

1st-order condition: a differentiable function f is convex iff
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1st-Order Condition

f is differentiable if dom f is open and the gradient

V) = <af(x) 0f (x) 8f(x)>

Ox1 " Oxo 7 Oxp

exists everywhere.

1st-order condition: a differentiable function f is convex iff

» dom f is a convex set
» for all x,y € domf

f(y) = f(x) + VF(x)" (y — x)

(the function is above any of its tangents.)
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Modern Optimization Techniques 3. Convex Functions

1st-Order Condition
1st-order condition: a differentiable function f is convex iff
» dom f is a convex set

» for all x,y € domf
Fly) = F(x) + VF(x)T(y —x)
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Modern Optimization Techniques 3. Convex Functions

1st-Order Condition / Proof

Let dom f = X be convex.

f: X — R convex < f(y) > f(x) + VF(x)"(y —x) V¥x,y
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Modern Optimization Techniques 3. Convex Functions
1st-Order Condition / Proof \
Let dom f = X be convex.
f: X — R convex < f(y) > f(x) + VF(x)"(y —x) V¥x,y
=T x4ty —x)) < (1 —-t)f(x)+tf(y) |t
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.. N
1st-Order Condition / Proof i

Let dom f = X be convex.

f: X — R convex < f(y) > f(x) + VF(x)"(y —x) V¥x,y
= f(xttly — X)) S (- t)f(x)+tf(y) |t

fly) > TV =D 2T 10 28 G160y — ) 4700
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.. N
1st-Order Condition / Proof i

Let dom f = X be convex.

f: X — R convex < f(y) > f(x) + VF(x)"(y —x) V¥x,y

=i fx+t(y —x) S (A= O)f () +Htf(y) |t
fly) > f(x+tly —

<" : Apply twice to z :=0x + (1 — 0)y
F(x) > F(2) + V() (x - 2)
fly) > f(2) + V() (v - 2)

DN 4 2% 00Ty - 00 + £
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.. N
1st-Order Condition / Proof i

Let dom f = X be convex.

f: X — R convex < f(y) > f(x) + VF(x)"(y —x) Vx,y

= f(xttly — X)) S (- t)f(x)+tf(y) |t
fly) > f(x+tly —

“<«<=" : Apply twice to z :=0x + (1 — 0)y
f(x) > f(z) + VF(2)T(x — 2)
f(y) 2 f(2) +V(2) (v - 2)
~0f(x) + (1= 0)f(y) > f(2) + VF(2) T (0x + (1 — 0)y) — Vf(2)" z
=f(2)+ VF(z2)"z-VF(z)Tz=f(z) = f(Ox + (1 — 0)y)

DN 4 2% 00Ty - 00 + £
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Modern Optimization Techniques 3. Convex Functions

B
1st-Order Condition / Strict Variant i

strict 1st-order condition: a differentiable function f is strictly convex iff

» dom f is a convex set

» for all x,y € domf

Fly) > f(x) + VF(x)"(y — x)
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Modern Optimization Techniques 3. Convex Functions

Global Minima A

Let dom f = X be convex.

f: X — R convex < f(y) > f(x) + VF(x)"(y —x) Vx,y

Consequence: Points x with Vf(x) = 0 are (equivalent) global minima.
» minima form a convex set

» if f is strictly convex: there is exactly one global minimum x*.

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Convex Functions

M
2nd-Order Condition v

f is twice differentiable if dom f is open and the Hessian V2f(x)

- 0*f(x)

2
Vaf(x)j = 78X,’8Xj

exists everywhere.

2nd-order condition: a differentiable function f is convex iff
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Modern Optimization Techniques 3. Convex Functions

M
2nd-Order Condition v

f is twice differentiable if dom f is open and the Hessian V2f(x)

- 0*f(x)

2
Vaf(x)j = 78X,’8Xj

exists everywhere.

2nd-order condition: a differentiable function f is convex iff
» dom f is a convex set
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" V¥
2nd-Order Condition o
f is twice differentiable if dom f is open and the Hessian V2f(x)

 Pf(x)

2 y
Vaf(x)j = D0

exists everywhere.

2nd-order condition: a differentiable function f is convex iff
» dom f is a convex set
» for all x € domf

V2f(x) = 0 for all x € dom f
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Modern Optimization Techniques 3. Convex Functions

2nd-Order Condition
f is twice differentiable if dom f is open and the Hessian V2f(x)

 Pf(x)

2 y
Vaf(x)j = D0

exists everywhere.

2nd-order condition: a differentiable function f is convex iff
» dom f is a convex set
» for all x € domf

V2f(x) = 0 for all x € dom f

» if V2f(x) = 0 for all x € dom f, then f is strictly convex
» the converse is not true,

e.g., f(x) = x* is strictly convex, but has 0 derivative at 0.
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Modern Optimization Techniques 3. Convex Functions

Positive Semidefinite Matrices (A Reminder)
A symmetric matrix A € R"*" is positive semidefinite (A - 0):

xTAx >0, VxeR"

Equivalent:
(i) all eigenvalues of A are > 0.
(ii) A= BT B for some matrix B
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Modern Optimization Techniques 3. Convex Functions

Positive Semidefinite Matrices (A Reminder)

A symmetric matrix A € R"*" is positive semidefinite (A - 0):

xTAx >0, VxeR"

Equivalent:
(i) all eigenvalues of A are > 0.
(ii) A= BT B for some matrix B

A symmetric matrix A € R"*" is positive definite (A > 0):

xTAx >0, V¥xeR"\ {0}

Equivalent:
(i) all eigenvalues of A are > 0.

(ii) A= BT B for some nonsingular matrix B
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

» There are a number of operations that preserve the convexity of a
function

» If f can be obtained by applying those operations to a function, f is
also convex

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

» There are a number of operations that preserve the convexity of a
function

» If f can be obtained by applying those operations to a function, f is
also convex

Nonnegative multiple:

» if f is convex and a > 0 then af is convex
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

» There are a number of operations that preserve the convexity of a
function

» If f can be obtained by applying those operations to a function, f is
also convex

Nonnegative multiple:

» if fis convex and a > 0 then af is convex

2

» Example: 5x2 is convex since x2 is convex
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Modern Optimization Techniques 3. Convex Functions

.. ) N
Recognizing Convex Functions “

» There are a number of operations that preserve the convexity of a
function

» If f can be obtained by applying those operations to a function, f is
also convex

Nonnegative multiple:
» if f is convex and a > 0 then af is convex

» Example: 5x2 is convex since x? is convex
Sum:

» if f1 and £ are convex functions then f; + > is convex
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Modern Optimization Techniques 3. Convex Functions

.. ) N
Recognizing Convex Functions “

» There are a number of operations that preserve the convexity of a
function

» If f can be obtained by applying those operations to a function, f is
also convex

Nonnegative multiple:
» if f is convex and a > 0 then af is convex
» Example: 5x2 is convex since x? is convex
Sum:
» if f1 and £ are convex functions then f; + > is convex

» Example: f(x) = e3* + xlog x with dom f = R is convex since 3%
and xlog x are convex
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

Composition with the affine function:

» if f is convex then f(Ax + b) is convex
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

Composition with the affine function:
» if f is convex then f(Ax + b) is convex

» Example: norm of an affine function ||Ax + b]|
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Modern Optimization Techniques 3. Convex Functions

.. ) N
Recognizing Convex Functions “

Composition with the affine function:
» if £ is convex then f(Ax + b) is convex

» Example: norm of an affine function ||Ax + b||

Pointwise Maximum:

» if f,..., fy are convex functions then f(x) = max{fi(x),..., fm(x)}
is convex
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Modern Optimization Techniques 3. Convex Functions

.. ) N
Recognizing Convex Functions “

Composition with the affine function:
» if £ is convex then f(Ax + b) is convex

» Example: norm of an affine function ||Ax + b||

Pointwise Maximum:

» if f,..., fy are convex functions then f(x) = max{fi(x),..., fm(x)}
is convex

goe

» Example: f(x) = max;—1,__m(a] x + b;) is convex
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

Composition with scalar functions:
» ifg:R" >R, h:R— R and
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

Composition with scalar functions:
» ifg:R" >R, h:R— R and

» f is convex if:

» g is convex, his convex and h is nondecreasing or
» g is concave, h is convex and h is nonincreasing
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

Composition with scalar functions:
» ifg:R" >R, h:R— R and

» f is convex if:

» g is convex, his convex and h is nondecreasing or
» g is concave, h is convex and h is nonincreasing

» Examples:

» e8() is convex if g is convex
ﬁ is convex if g is concave and positive
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

There are many different ways to establish the convexity of a function:

» Apply the definition
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

There are many different ways to establish the convexity of a function:

» Apply the definition
» Show that V2f(x) = 0 for twice differentiable functions
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Modern Optimization Techniques 3. Convex Functions

Recognizing Convex Functions

There are many different ways to establish the convexity of a function:
» Apply the definition
» Show that V2f(x) > 0 for twice differentiable functions

» Show that f can be obtained from other convex functions by
operations that preserve convexity
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Modern Optimization Techniques

4. Optimization Problems
Qutline

4. Optimization Problems

[m]

=

nae
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Modern Optimization Techniques 4. Optimization Problems

Optimization Problem

minimize  fo(x)
subject to  fi(x) <0, i=1,...,p
hi(x)=0, i=1,...,q

» fo : R” — R is the objective function
» x € R" is the optimization variable
» (fi)i=1,..m : R" — R are the inequality constraint functions

> (hi)i=1,..q : R" — R are the equality constraint functions

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 4. Optimization Problems

Convex Optimization Problem
An optimization problem

minimize  fy(x)
subject to  fi(x) <0, i=1,...,p
hi(x)=0, i=1,...,q

is said to be convex if fy,...f, are convex and hy, ..., hq are affine:

minimize  fo(x)
subject to  fi(x) <0, i=1,...,p
Ax=Db
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Modern Optimization Techniques 4. Optimization Problems

Practical Example: Household Spending

Suppose we have the following data about different households:

» Number of workers in the household (az)

» Household composition (az)

» Region (a3)

» Gross normal weekly household income (a4)
» Weekly household spending (y)
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Modern Optimization Techniques 4. Optimization Problems

NN
Practical Example: Household Spending “

Suppose we have the following data about different households:

» Number of workers in the household (az)

v

Household composition (a2)

v

Region (a3)

v

Gross normal weekly household income (a4)

v

Weekly household spending (y)

We want to create a model of the weekly household spending
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Modern Optimization Techniques 4. Optimization Problems

Practical Example: Household Spending

If we have data about m households, we can represent it as:

1 a1 a1 a13 aigs yi
1 a1 a2 a3 ana 2
1 dml 94m,2 dm3 dm4 Ym
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Modern Optimization Techniques 4. Optimization Problems

NN
Practical Example: Household Spending “

If we have data about m households, we can represent it as:

1 a1 a1 a13 aigs yi

1 a1 a2 a3 ana 2
A= . . . . ) y =

1 dml 94m,2 dm3 dm4 Ym

We can model the household consumption is a linear combination of the
household features with parameters 5:

9i =BTa; = Bol + Prai1 + Poaiz + B3ai3 + Paaia
a; ::A,'

90
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Modern Optimization Techniques 4. Optimization Problems

Practical Example: Household Spending

We have:

Bo

B1 ﬁ
Ba | =

B3

1 dml dm,2 dm,3 dm4 Ba Ym

1 a1 a1 a13 aias
1 a1 a2 a3 aa
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Modern Optimization Techniques 4. Optimization Problems

) ) Nt
Practical Example: Household Spending “
We have:

1 a1 a2 a13 aia Po i
1 a1 a2 a3 aa Gt y2
. . : . . : 2 | =

' B3

1 dml dm,2 dm,3 dm4 Ba Ym

We want to find parameters 3 such that the measured error of the
predictions is minimal:

m

> (BTai—yi)* =148 —yl3

i=1
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem

minimize

A8 —yl[3

|AB —y|3 = (AB —y)T(AB —y)

[m]

=
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem

minimize  ||AS8 —y||3

|AB —y|3 = (AB —y)T(AB —y)

q

a5(A8 = Y)T(AB —y) = 2AT(A8 —y)

[m] = = =
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem
minimize  ||AB —y||3

|AB —y|3 = (AB —y)T(AB —y)

q

a5(A8 = Y)T(AB —y) = 2AT(A8 —y)

2AT(AB—y) =0
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem
minimize  ||AB —y||3

|AB —y|3 = (AB —y)T(AB —y)

q

a5(A8 = Y)T(AB —y) = 2AT(A8 —y)

2AT(AB—y) =0
ATAB— ATy =0
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem

minimize  ||AS8 —y||3

IAB —y|3 = (AB—y) T (AB —y)

q

a5(A8 = Y)T(AB —y) = 2AT(A8 —y)

2AT(AB—y) =0
ATAB— ATy =0

ATAB = ATy
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem

minimize  ||AS8 —y||3

IAB —y|3 = (AB—y) T (AB —y)

q

a5(A8 = Y)T(AB —y) = 2AT(A8 —y)

2AT(AB—y) =0
ATAB— ATy =0
ATAB = ATy
B=(ATA)IATy
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Modern Optimization Techniques

4. Optimization Problems

The Least Squares Problem

minimize

A8 —yl[3

[m]

=
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Modern Optimization Techniques 4. Optimization Problems

The Least Squares Problem

minimize  ||AB — yH%

Convex Problem!
Analytical solution: 8* = (ATA)"tATy
Often applied for data fitting

v

v

v

v

ApB —y is usually called the residual or error

» Extensions such as regularized least squares
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Modern Optimization Techniques 4. Optimization Problems

Practical Example: Household Location

Suppose we have the following data about different households:

v

Number of workers in the household (a1)

v

Household composition (a2)

v

Weekly household spending (a3)

\4

Gross normal weekly household income (as)

v

Region (y): north y =1 or south y =0
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Modern Optimization Techniques 4. Optimization Problems

NN
Practical Example: Household Location “

Suppose we have the following data about different households:

v

Number of workers in the household (a1)

v

Household composition (a2)

v

Weekly household spending (a3)

\4

Gross normal weekly household income (as)
Region (y): north y =1 or south y =0

v

We want to create a model of the location of the household
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Modern Optimization Techniques 4. Optimization Problems

Practical Example: Household Location

If we have data about m households, we can represent it as:

1 a2 ... ain 1

1 a2 ... an Y2
A — ) y =

1 amp ... amn Ym

)
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Modern Optimization Techniques 4. Optimization Problems

NN
Practical Example: Household Location “

If we have data about m households, we can represent it as:

1 a2 ... ain 1

1 a2 ... an Y2
A= . . . . ) y=

1 am2 -+ dmn Ym

We can model the probability of the household location to be north
(y = 1) as a linear combination of the household features with parameters
B:

yi = o(BTai) = o(Bol + Brai1 + Braiz + B3aiz + Paaia)

where: o(x) := H% (logistic function)
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Modern Optimization Techniques 4. Optimization Problems

Logistic Regression

The logistic regression learning problem is
m
maximize Zy,- logo(B"a;) + (1 — yi) log(1 — (3" a;))
i=1

I=

1 a1 a2 a13 aia yi

1 a1 a2 a3 a2 y2
A= . . s o y=1 .

1 dm,1 dm2 dm,3 dmj4 Ym

)
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Modern Optimization Techniques

4. Optimization Problems

Linear Programming

minimize ¢’ x
subjectto  a/x<b; i=1,..

.,m

[m]

=
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Modern Optimization Techniques

4. Optimization Problems

Linear Programming

minimize ¢’ x
subject to a,-Txgb,- i=1,...,m
» No simple analytical solution

[m]

=
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Modern Optimization Techniques 4. Optimization Problems

B
Linear Programming “

minimize c¢’x

subject to a,-Txgb,- i=1,...,m

» No simple analytical solution
» There are reliable algorithms available:
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B
Linear Programming “

minimize c¢’x

subject to a,-Txgb,- i=1,...,m

» No simple analytical solution

» There are reliable algorithms available:
» Simplex
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Modern Optimization Techniques 4. Optimization Problems

B
Linear Programming “

minimize c¢’x

subject to a,-Txgb,- i=1,...,m

» No simple analytical solution

» There are reliable algorithms available:
» Simplex
> Interior Points Method
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Modern Optimization Techniques 4. Optimization Problems

Summary (1/2) YA

» Convex sets are closed under line segments (convex combinations).

» Convex functions are defined on a convex domain and
» are below any of their chords / secants (definition)
» are globally above their tangents (1st-order condition)
» have a positive definite Hessian (2nd-order condition)

» For convex functions, points with vanishing gradients are (equivalent)
global minima.

» Operations that preserve convexity:
scaling with a nonnegative constant
sums
pointwise maximum
composition with an affine function
composition with a nondecreasing convex scalar function
composition of a nonincreasing convex scalar function with a concave
function
> esp. —g for a concave g
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Modern Optimization Techniques 4. Optimization Problems

Summary (2/2)

» General optimization problems consist of
» an objective function,
» inequality constraints and
» equality constraints.

» Convex optimization problems have
» a convex objective function,
» convex inequality constraints and
» affine equality constraints.

» Examples for convex optimization problems:

» linear regression / least squares

» linear classification / logistic regression
» linear programming

» quadratic programming
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Modern Optimization Techniques

Further Readings

» Convex sets:

» Boyd and Vandenberghe [2004], chapter 2, esp. 2.1
» see also ch. 2.2 and 2.3

» Convex functions:
» Boyd and Vandenberghe [2004], chapter 3, esp. 3.1.1-7, 3.2.1-5

» Convex optimization:

» Boyd and Vandenberghe [2004], chapter 4, esp. 4.1-3
> see also ch. 4.4
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