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Modern Optimization Techniques 1. Coordinate Descent

Coordinate Descent

» Gradient Descent and Stochastic Gradient Descent:

» update all variables simultaneously.
» use the gradient to do so.
(first order methods)

» Coordinate Descent:

» update one variable at a time.
» use an analytic solver to do so
(derivative-free method)
» if not possible: use one-dimensional gradient steps
(first order method; often slow)
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Modern Optimization Techniques

1. Coordinate Descent

Coordinate Descent
We start with an initial guess x(©)

For k=1,2,3,...
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1. Coordinate Descent

Coordinate Descent
We start with an initial guess x(©)

For k=1,2,3,...

xgk) < argmin f(xq, xgk_l) (k=1)
X1

(k=1)
, X3 e, Xn )
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Modern Optimization Techniques 1. Coordinate Descent

Coordinate Descent

We start with an initial guess x(©)

For k=1,2,3,...

xgk) < arg min f(xq, ng—1)7 xgk_l), .. ,xg,k_l))
X1

xgk) < arg min f(x:(lk), X2, xgk_l), . ,xg,k_l))
X2

xgk) < arg min f(x:(lk), ng),X3, . ,xg,k_l))
X3

xg,k) < argmin f(x(lk),xgk),xgk), e Xn)

Xn
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Modern Optimization Techniques

1. Coordinate Descent

Coordinate Descent Algorithm
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Modern Optimization Techniques 1. Coordinate Descent

Does Coordinate-wise Minimization Lead to Global v
Minima?

Question: If a point x is minimal along each axis, is it a global minimum?
f(x+teM)>f(x) VteR,Vne{l,...,N}
= f(x) = minf(y)
y
where:

» e c RN is the n-th unit vector with es,") =1 and eS,Q’) = 0 for
m # n.
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Modern Optimization Techniques 1. Coordinate Descent

Does Coordinate-wise Minimization Lead to Global
Minima?

If f is convex and differentiable: yes.

Proof: g()(p) := f(x + pe®)) are convex and differentiable.
@ =0 is their minimum, thus

~og o of
0= 8/1/ H) = 8)(,‘ (X)

And then

Of (x) Of(x) ar(x)\ "
Vi(x) = < ox Ox, 8xn> =0

and thus x is the global optimum.
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Modern Optimization Techniques 1. Coordinate Descent

Does Coordinate-wise Minimization Lead to Global v
Minima?

If f is convex, but not differentiable: in general, no.

Counter example:

https://www.cs.cmu.edu/~ggordon/10725-F12/slides/25-coord-desc.pdf- _
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Modern Optimization Techniques 1. Coordinate Descent

Does Coordinate-wise Minimization Lead to Global
Minima?

If fis a sum of a differentiable convex and a separable convex function:

€s.
y N

F(x) = g(x) + D _ halxn)
n=1
with
i. g is differentiable and convex

ii. all h, are convex
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Modern Optimization Techniques 1. Coordinate Descent

Does Coordinate-wise Minimization Lead to Global v
Minima? / Proof
Proof: For any y € dom f: N

fly) - f(x) 2 Vg(x)T(y = %) + Y (halyn) = ha(xn))

n=1

—Zvng x)+h( n) — hn(xn) >0

where > is argued as foIIows as x is m|n|ma| along axis n,

~»  f(Xp; X_p) is convex and has minimum at X, = x,
~» 0 is a subgradient of f(X,; X_,) at x, :
0 € Of (Xn; X=pn) = Vg(x) + 0hn(xn)
~  Fs € Ohp(xn) : Vg(x)+s=0
n&(X)(yn = xn) + hn(yn) — hn(xn)
> Vg0 = Xa) + (v = xa) = 0

i enh orad
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Modern Optimization Techniques 1. Coordinate Descent

One-dimensional Subproblems

Let f : X — R, X C RN be a function, x € dom f a point.
n-th one-dimensional subproblem at x:

g,(,x) : T,SX) — R
gP(t) = F(x + tel™)
79 = {teR|x+tel™ e domf}

n-th one-dimensional subproblem solver at x:

hn(x) := arg min g,gx)(t)
te T
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Modern Optimization Techniques 1. Coordinate Descent

One-dimensional Subproblems / Example

Solving a linear system of equations / least squares / linear regression:

f(x) =x"Ax — bTx, AeRN*N sym. pos.def.,bec RV
gt = Flm=tx,), TH=R
f(xn; x2n) = A,,ﬁ,,x,% + (2(X_TnA_,,7.),, — bn)xn + x_TnA_,,,_,,x_,, — b_Tnx_,,
= A,,V,,x,% + (2An,—nxp — bn)xn + X,T,,A_n,_nx_n — bInx_,,
analytic minimum:

(Xny n) = 2An,an + 2An,—nX—n —b,=0

bn — 2An —nXon
> Xn — —7—"7"—"7"—""—
! 2Ann
b, —2A, _
i.e., hn(X) = nTn’nX_n
n,n
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Modern Optimization Techniques 1. Coordinate Descent

NS
Coordinate Descent / Random Coordinate i

1 min-cd(f, h,x© K, e):
2 for k:=1,...,K:

3 draw n() ~unif({1,...,N})

4 x,(,f)::x,(,ffl) for me {1,..., N}, m# n(k
5 Xr(;k)) = hyw (xK1)

6 if k>N and [|x(K) — x(k=N)|| < ¢

7 return x()

8 return "not converged"

where
» h solvers for one-dimensional subproblems g,(,x).

» ¢ convergence threshold step in an epoche
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Modern Optimization Techniques 1. Coordinate Descent

Coordinate Descent / Cyclic Epochs

1 min-cd(f, h,x K, e):

2 for k:=1,...,K:

3 Xl(k) = hl(xl(k_l), . ,x,(\,k_l))

4 x2(k) = h2(x1(k),x2(k71), . 7x,(\,kfl))

5 Xék) = h3(xl(k),xz(k),x3(k_l), . ,x,(\,k_l))

X,(Vk) = hN(Xl(k), . ,X,(Vk_)l, x,(\,k_l))

if ||x() — x(k=1)]| < e
return x(k)
10 return "not converged"

© 00 N O

where
» h solvers for one-dimensional subproblems g,gx).
» ¢ convergence threshold step in an epoche
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Modern Optimization Techniques 1. Coordinate Descent
Coordinate Descent / Cyclic Epochs

1 min-cd(f, h,x© K, e):
x(0,N) .— 4(0)
for k:=1,...,K:
5(K,0) .y (k—1,N)
for n:=1,...,N:
x,(,f’") = x,(,,k’"fl) for me{l,...,N},m#n
xem = hy(x(kn=1))
if ||X(/<,N) —X(k_LN)H <e
return x(k:N)
return "not converged"

© 00 N O O~ WiN

—
o

where
(x)

» h solvers for one-dimensional subproblems g,"’.

» ¢ convergence threshold step in an epoche
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Modern Optimization Techniques 1. Coordinate Descent

Coordinate Descent / 1-dim Gradient Steps

1 min-cd(f,VF,xO K, e):

2 for k:=1,...,K:

3 draw n®) ~unif({1,...,N})

4 x) = x(k=1) _ (v f(x kD)) ) e
5 if k>N and ||x(*) — x(k=N)|| < ¢

6 return x(¥)
7 return "not converged"

where
» Vf gradients of objective function.
» € (RT)* step length schedule (or controller)

» ¢ convergence threshold step in an epoche
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Modern Optimization Techniques 1. Coordinate Descent

Coordinate Descent - Considerations

v

The order in which we cycle through the coordinates is arbitrary.
» e.g., cyclic
» better should be randomized.

» We may update blocks of coordinates at a time instead of only one
(block coordinate descent)

v

No need to adjust a step-size!
» if we have exact solvers h for the 1-dim. subproblems.

v

Does not work in general with non-differentiable functions
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2. Convergence
Qutline

2. Convergence
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Modern Optimization Techniques 2. Convergence

Coordinate Lipschitz Constant

» standard Lipschitz constant L:

IVE(x) = VE(y)Il < Lllx — yl| Vx,y€dom f
or equivalently
|Vf(x +d) — Vf(x)|| < L||d|| Vx&dom f,deRN:x+dedom f

» component Lipschitz constant L,: (n€{1,...,N})
IVF(x +tel) = VF(x)|| < |t|L,  vxedomf teRix+tel)edom f
» coordinate Lipschitz constant L,.:

Lmax := max L,
ne{l,...,N}

Note: In the following || - || denotes the L2-norm.
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Modern Optimization Techniques 2. Convergence

Lipschitz Continuous Functions / Bounded Derivative i
Lemma

A differentiable function f : X - R, X CR is
Lipschitz-continuous iff its derivative is bounded:

F) —fWI<Lx—yl <

If'(x)] <L
Vx,y € dom f Vx € dom f
Proof: ‘=":
f(x) — f(x+t) |f(x)—f(x+t)| |t|L
|£/(x )\ <L

) oo fly)+ () (x—y) foralelxy]

1) — F(y)] < L|x— V]
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Modern Optimization Techniques 2. Convergence

Theorem (convergence of coordinate descent)
If
i. f: X >R, X CRN js convex and differentiable,
ii. Vf is uniformly Lipschitz-continuous:
IVF(x) = VI < LlIx —yll, LeRg
iii. the sublevel set of x(%) is bounded:
MaXcx. £ (x*) =miny, £(x) MAXye s, (x0)) Ix —x*|| <R, REeR{
iv. constant steplength (%) := 1 /Lmax is used,

then coordinate descent converges and

2NLmaxR?

E(F(x1)) — f(x) < ==

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 2. Convergence

MR
Convergence / Proof (1/3) VA

F(x") = £(x — u(VF(x))nel)
= f(x) = V)T u(VF(x))nel™

Ta;or
ST F())ne™)T P2 (x = En(TF())ne™) u(TF(x)) e
i bou%i.deriv.Ln
< Fx) — (VA 1+ 512 (TF)RL
= Fx) — (VF()Ru(1 o)
< F(x) — (VA (1 — E2m)
oy (VFOR
AT

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 2. Convergence

Convergence / Proof (2/3) 1
next (Vf(X))%
f(X ) < f(X) - Tmax ’]En( . )
X 2
En(f(x"%)) < En(f(x) — (Vzifna)x)n)
Y (VF(x )
NZ_‘; T )~ 100~ 2, VPN @)

E o) :=Ep©0 ,0 .« expectation over all n(k)

o) = E om0 (F(x)) — £(x7)
f(x) — f(x*) = VF(x) T (x = x*) < [V ]]x = x*| = RIIVE(x)I|

E o (IVFO)])) > £o® )

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 2. Convergence

B
Convergence / Proof (3/3) VA
(k+1) (ky_ L (N [12
B (FOH) < AR = s IVFO)I? B o

S0HD) < (k) E o (|| VF(x9)[[2)

2NLmax

S 0 o e (V)
1
(%) k) — m(¢(k))2 (3)
1 B 1 _ plk) — plk+1) . oK) — plk+1) . 1
Hk+1)  p(k) pkplk+1) = (p(k)2 3 2NLmaxR?
1 1 n k+1 S k+1

>
AL rec pO0)  2NLpmaxR2 = 2NLmax R?
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

For x € R2

min  (a1x3 — axxo + a3)2
X

Algorithm:

» Initialize xgo), xgo)

» Repeat until convergence:

> ng) < argmin,_(a1x — a2x§k71) + a3)?
> ng) +— arg minxz(alx(lk) — ayxp + a3)?

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

argmin(apx; — a»xp + a3)?
x1
Find a closed form solution:

d
0+ d—Xl(alxl — arxo + 33)2

[m]
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

argmin(apx; — a»xp + a3)?
X1

Find a closed form solution:

P d
0= dT(alxl — axxo + 33)2 = 2(a1x1 — axx2 + a3)a1
1
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

argmin(apx; — a»xp + a3)?
X1

Find a closed form solution:

o d
0= dT(alxl — arxo + 33)2 = 2(31X1 — asrxy + 33)31
1
axxXp — as

X1 =
al
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

arg min(apx; — a»xo + a3)?
X2
Find a closed form solution:

d
0= d—x2(alx1 — aoxo + a3)2
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

arg min(apx; — a»xo + a3)?
X2

Find a closed form solution:

rod
0= d7(alx1 — asxo + a3)2 = —2(a1x1 — axx2 + a3)az
2
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

arg min(apx; — a»xo + a3)?
X2

Find a closed form solution:

o d
0= o (a1x1 — axxo + a3)2 = —2(a1x1 — axx2 + a3)az
2
aixy + a3
Xp = ———
az
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example

For x € R2

min  (a1x3 — axxo + a3)2
X

Algorithm:

» Initialize xgo)’ xgo)

» Repeat until convergence:

(k—=1)
> X(lk) - anX, as
ai

(k)
k aix, '+a
> X2( ) “— ot S > 3
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example
Forx e R? a; =01 a,=2,a3=1

min  (0.1x; — 2xp + 1)?
X
Y 1
xgk) 0

NOPELEE RS
0.1 2 2
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example
Forx e R? a; =01 a,=2,a3=1

min  (0.1x; — 2xp + 1)?
X

— k
(k) - M ng) - 0.1x§2) +1

Start with x\* = 1,x{?) = 2
» x( 22-1 = 30

(1) 0.1-30+1 __
M =2

> Xy
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Modern Optimization Techniques 3. Examples

Coordinate Descent - Example
Forx e R? a; =01 a,=2,a3=1

min  (0.1x; — 2xp + 1)?
X

X5 5

Start with x\* = 1,x{?) = 2

» x{M 221 _ 39

> xgl) 013041 _ 9
xit) = 30,x) =

> xgz) — 2'511 =30

> xg)e 013041 _ 7
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

For the problem

m m n 2
minimize Z(y,- — xTai)2 = Z Vi — ija,-j
i=1 i=1 j=1
We can compute the update rule for a specific xk:
Of (x
(x) 2,
OXy

of (x o n
8()—2-Za;k- Yi— > xjaj
Xk i—1 =1

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression
m n
2‘23,’;(- y,-—ZxJ-a,-j =0
i=1 j=1
m m n
Do Yo Yo =0
i=1 i=1 j=1
n
Z Ak " Yi — Z Ajk | Xkaik + Z xjajj | =0

m m m n
E ajk - Yi — E jk - Xkaik — E ajk - E xjajj =0
i=1 i=1 =1 j=1, j#k
m m m n
. : 2 . 2 =0
aik * Yi — Xk ik — dik Xjajj =
i=1 i=1 i=1 J=1, j#k

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

m m m n

2
E aik‘)/i_XkE aik_E:aik' E, xjajj =0
i—1 i=1 i=1

=1, j#k

m m m n
2
Xk'g a,-k:§ aik'}’i—g dik § Xjajj
i=1 i=1 i=1

=1, j#k
m n
D ity ik - ()/i - Zj:l, £k Xjaij)
Xk = R
> ity @

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

NN
Linear Regression Coordinate Descent - Simple Algorithﬁ

1: procedure LINEAR REGRESSION-CD

input: f
2 Get initial point x(©)
3 repeat
4 for kel,...ndo
5 X 2y a’k'(g;i:;kl,j#k x2;)
6: end for
7 until convergence
8 return x, 7(x)
9: end procedure

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany



Modern Optimization Techniques 3. Examples

Coordinate Descent for Linear Regression

For each parameter we have the following update rule:

Do @ik (Yi - Zf:Lj;ék Xjaij)

>y a?k

One Coordinate descent epoch has a cost of O(m - n?)!

Xk =

Can we do it faster?

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

For each parameter we have the following update rule:

Doy ik (Yi - Zf:Lj;ék Xjaij)

Xk = m 5
Doty A
We can rewrite:
m n m n
5 Yi— E Xjajj | = E Yi— E Xjajj + Xkaik
i=1 j=1, j#k i=1 Jj=1
m n m
= E Yi— § Xjajj | + E Xk ik
i=1 j=1 i=1

I
.MS

Il
i)

n m
Yi— § Xjajj | + Xk E ik
j=1 i=1

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

From which we have:
Doy ik - <YI - Zj:l,j;ék Xjaij)
PRy a?k

Xk —

Yo ik (y, — > xai + xi’da,-k)
- >
oy A
_ D 3k (y; ~ 2= Xjaij) n Sy aic (xPai)
> /2k >y a%k
n
_ Z 1 9ik (y, - ijl Xja,-j> N Xild ) 27721 22
PRy algk Py a,zk
p) k
Zml ik
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

Now we have:

D i1 ik - <Yi -2 Xjafj)
PIHEEF

Xk = + xg

So we can define our residual vector r € R™ such that

n
n=yi— Y xaj
j=1
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

After each update of xx, we can maintain r; instead of recomputing it

given the old value xi'd:

n
new

old
i =i E Xjaij — Xi ik + Xk ik
j=1

=+ (xP7 — x)ai
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Modern Optimization Techniques 3. Examples

CD for Linear Regression - Smart Update

Now our algorithm looks like:

1. Initialize x
2. Compute r; = y; — > 71 xja;
3. While Not Converged

3.1 Foreach k=1,...,n

3.1.1 x¢ « x;
3.1.2 xx < M

+ Xild
i=1 Fik

3.1.3 Forallir < ri+ (xi’d — Xk)aik

This algorithm is now O(m - n)!
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Modern Optimization Techniques 3. Examples

Linear Regression Coordinate Descent Algorithm

1: procedure LINEAR REGRESSION-CD

input: f
2: Get initial point x(©)
3 r—y— Ax(®
4: repeat
5: for kel,...ndo
6: xi’d — Xk
e S o
8: foriecl,...mdo
9: ri < ri+ (xi’d — Xk )ajk
10: end for
11 end for
12: until convergence
13: return x, f(x)

14: end procedure
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Real World Dataset: Body Fat prediction

We want to estimate the percentage of body fat based on various

attributes:

>

>

>

Age (years)

Weight (Ibs)

Height (inches)

Neck circumference (cm)
Chest circumference (cm)
Abdomen 2 circumference (cm)
Hip circumference (cm)

Thigh circumference (cm)

Knee circumference (cm)

> ...

http://1lib.stat.cmu.edu/datasets/bodyfat
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Modern Optimization Techniques 3. Examples

B
Real World Dataset: Body Fat prediction “

The data is represented it as:

1 a1 a2 ... ain yi

1 32,1 3272 e 327,, Y2
Amn = : : : : : y=

1 ami am2 ... amn Ym

with m =252, n=14
We can model the percentage of body fat y is a linear combination of the
body measurements with parameters x:

Vi = xTai =xpl + X18j1 + X2aj2 + ...+ Xpdjn

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

40 / 43



Modern Optimization Techniques

3. Examples

Coordinate Descent - Body fat dataset

[m]

=
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Modern Optimization Techniques 3. Examples

Year Prediction Data Set

v

Least Squares Problem

v

Prediction of the release year of a song from audio features
90 features

v

v

Experiments done on a subset of 1000 instances of the data
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Modern Optimization Techniques

3. Examples

Coordinate Descent - Year Prediction

[m]

=
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Further Readings

» The coordinate descent method is not covered by Boyd and
Vandenberghe [2004]

» Coordinate descent:

» very briefly [Nocedal and Wright, 2006, ch. 9.3]
» A brief, but dense survey: Wright [2015]

» Convergence proof: Wright [2015]
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