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Planning and Optimal Control 1. The Policy Gradient Theorem

» Q Learning: learn the action value function.

» Policy Gradient Methods
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Planning and Optimal Control 1. The Policy Gradient Theorem

Example: Continuous Mountain Car

S :=[-1.2,0.5] x [-0.07,0.07], s=:(x,v) (position and velocity)
A:=[-1,41] (acceleration)

xes1 1= clip(xe + ve)

Ver1 = clip(vy + 0.001a; — 0.0025 cos(3xt))

p(xo) := unif([-0.6,—-0.4]), v :=0
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Planning and Optimal Control 1. The Policy Gradient Theorem
ldea
» let m be a parametrized policy with parameters 0:

m(als;0)

» i.e., a neural network with input s and output a

» view its value function V™ of the unique starting state sp as a
function of 6:

V(0) := V™(sp; 60)

» finding the optimal policy ~~ maximize V w.r.t. §
» e.g., by gradient ascent:

O+ = 9 1 o, Wy V(61D))
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Planning and Optimal Control 1. The Policy Gradient Theorem

NN
State Distribution of a Policy VA

state visiting frequencies of a policy :
n"(s) =E({St=s[t=1:T})
consistency:

0" (s)=p(So=35)+ D 0"(s) Y _m(als)p(s |5 a)

s'eS acA
T = (1= ((PT)T) ™ )po
with P™:= (Z m(a|s)p(s|s';a))(ss)es2 state transition under 7
acA
po := (p(So = s))ses initial states
state distribution of policy 7 (on-policy distribution):
riey._ 1 (5)
) S e @)
Note: With [/ the identity matrix.
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Planning and Optimal Control 1. The Policy Gradient Theorem

Discounted State Distribution of a Policy

discounted state visiting frequencies of a policy m:

n"(s) =E(Q_ " L(S: =)

» visiting a state at time t contributes weight ~*.
» = visiting frequency for v = 1.

consistency:

n(s)=p(So=s)+ D 0" (s> _m(als)p

s’eS acA
~ " = (I =~((PT)T) ™ )po
discounted state distribution of policy :
n"(s)
p(s) =
2 sres ()
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Planning and Optimal Control 1. The Policy Gradient Theorem

Policy Gradient Theorem

Vo V7 ( ZM s)> Vr(als:0)Q"(s,a)
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Planning and Optimal Control 1. The Policy Gradient Theorem

B
Policy Gradient Theorem / Proof v

VV™(s VZw(a | s)Q7 (s, a)
= ZVT{'(Q | s)Q7(s,a)+m(a]s)VQR™(s, a)

= Z Vr(al|s)Q"(s,a) + m(a| s)VZ p(s'sr|s,a)(r+~V7™(s")

—ZVT(3|S sa)+7ra|sZp’\sa)*yVV“()

s',r

rec. Zv”‘ﬂs Q(s,a)+m(a]s) Zps |'s,a)y
ZVTF a|s)Q (s, )+ n(a |5)ZP(5N|S,a/)'yVV”(s”))

s/’

= ZZPrs—>s k,m) kZVﬂ' als)Q"(s',a)
rec.
s’ k=0
Note: + is missing in [Sutton and Barto, 2018, p.325].
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Planning and Optimal Control 1. The Policy Gradient Theorem

Policy Gradient Theorem / Proof

VV7(s) = ZZPrs%s k,m) kZVwa|s Q™ (s, a)

s’ k=0

VVWSO)_ZZPI’SO%SI(W kZVWa\ )QR™ (s, a)
s k=0

:Zn s ZVﬂ' als)Q"(s,a)
x Z,u“(s) Z Vr(a]|s)Q"(s,a)
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Monte Carlo Policy Gradient (REINFORCE)

VV™(s0) xx Y™ (s)>  Vr(a|s)Q"(s,a)
=E(>_Vr(a| S)Q7(St, a))
_ Vr(alSe) (S, 4
_E(g 7T(3 ‘ St) ( yst)Q (5t7 ))
_ g V(A | SY)

N (A ] Sy)
=E(V;Vlogn(A: | St))

V4)

~~ update rule:
0 :=0 + av;V log (a; | st)

Note: Observed value V; also called return in the literature.
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Monte Carlo Policy Gradient (REINFORCE) / Alg.

learn-opt-policy-discounted-mc-policygrad(S, A, 7, sterm, N, @):
initialize parameters 6 of policy =«
for n:=1,...,N:
(s,a,r, T) := generate-episode(S, A, Sterm, )
for t:=0,..., T —1:
Vi = Z;:t ’th_trf’
0 =0+ av,Viegr(a: | st)
return 7

where

P sierm terminal state with zero reward.
P & learning rate

P returning 7 actually means to return its parameters 0
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Example
1.6
20| optimal
stochastic
policy
-40 F
£-greedy right
VUre (S)
_60 -
=2 G
801§ e-greedy left
100, , ,

0 0.1 0.2 OT3 0f4 0?5 Oj6 0i7 08 0.9 1
probability of right action

[source: [Sutton and Barto, 2018, p.323]]
» assume all states are indistinguishable; reward —1 per step
» ¢:=0.1
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Example
100 vel($0) L ; -
v,vJ i e
20F 4918 ,Mw W %:W uw r‘ﬂ'%m W i R Ll
WWWM
|
Go 40 M M‘W' =21
Total reward i
on episode i
averaged over 100 runs 60k "
‘1 |
1'I
-80 -
-90 1 | . ) ) |
1 200 400 600 800 1000

Episode

[source: [Sutton and Barto, 2018, p.328]]
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

N
Monte Carlo Policy Gradient (REINFORCE w. Baseline%

» baseline b: S — R, not depending on actions a.

V() x 3007(5) 30 Vn(al )Q7(5.2)
Y Ve Q5. 9)-56)

> Vr(a|s)b(s) = b(s)V > m(a|s)=b(s)V1=0

as
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

N
Monte Carlo Policy Gradient (REINFORCE w. Baseline%

VV™(s9) Zu ZVW(a )(Q™(s,a)—b(s))
= E( ZVTF a| 5:)(Q™(St,a)—b(S:)))

m(a | St)

V(A S,
7T(At | St) ( t b(sf)))

= E((V:—b(S:))V log (A | St))

:E(ZM (2] S)(Q7(Se.2)b(5.)))

~= update rule:
0 :=0 + a(vi—b(s:))V log (as | st)
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

N
Monte Carlo Policy Gradient (REINFORCE w. Baseline%

» often a current estimate of the value function V is used as baseline:
b(s) := V(s;n)

» updates for parameters 7 of v:

~ ~

n:=n+a(ve — V(st))VV(st)
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Y2
Monte Carlo Policy Gradient (REINFORCE w. Basline) "/‘)'

Alg.

1 learn-opt-policy-discounted-mc-policygrad-base(S, A, v, Sierm, N, @):
initialize parameters 1 of value function v

2
3 initialize parameters 6 of policy 7
4 for n:=1,... N:

5 (s,a,r, T) := generate-episode(S, A, Sterm, )
6 for t:=0,..., T —1:
—\T t'—t
7 Vo= u )
8 \7{- = V(St)
9 n:=mn+ a(ve — )VV(s) where
. 0 P sierm terminal state with zero reward.
10 9 T 0 + Oé]_(Vt Vt)v logﬂ-(at | St) > @1, ap learning rates for 7 and v, resp.
11 return > returning 7 actually means to return its parameters 6
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Planning and Optimal Control 2. Monte Carlo Policy Gradient (REINFORCE)

Example

10, REINFORCE with basellne af = 2”". ¥ =276
MWWWWW"'W Nt A ~—v4(80)
-20} 1(
I
REINFORCE
G a= 2—13
0 -40|
Total reward !
on episode
averaged over 100 runs [
-60
-80+
_90 L 1 1 1 1 1 ]
1 200 400 600 800 1000

Episode

[source: [Sutton and Barto, 2018, p.330]]
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3. TD Policy Gradients: Actor-Critic Methods
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Planning and Optimal Control 3. TD Policy Gradients: Actor-Critic Methods

NN
TD Policy Gradients: Actor-Critic Methods “

To derive MC policy gradient / REINFORCE:
E(Y w(a| Se)Q7(St, ) = E(Ve)

a

To derive TD policy gradient / Actor Critic:
E(Z 7r(a | St)Qﬂ-(St, a)) = E(Rt + ’}/Vt+1)

a
then plug in V(5t+1) for Viyr:

VV(s0) oo E((Re+ YV (Se+1))V log w(Ae | St))

and subtract baseline V/(S;):
VVT(s%0) o< E((Re+ YV (Ser1) — V(S))V log (Ae | Se)
~~ update rule:
0 :=0 + a(re +yV(se41) — V(st))V log 7(a; | st)
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Planning and Optimal Control 3. TD Policy Gradients: Actor-Critic Methods

TD Policy Gradients (Actor Critic)

1 learn-opt-policy-discounted-td-policygrad(S, A, 7, Sterm, N, @):

2 initialize parameters 7 of value function v
3 initialize parameters 6 of policy 7
4 for n:=1,...,N:

5 s := new_process()
6 V:=V(s)
7 while s Z Sierm:
8 a:=mn(s)
9 (r,s") := execute_action(s, a)
10 v V(s’)
11 0 =r—+~V -7
where
12 ni=n + OéQ(SV V( ) P new_process() sets up a new process.
13 0 =460 =+ a15V |0g 7'('(3 | 5) P execute.action(s, a) executes action a in process in
state s.
t4 5= S V V limitations:
15 return P online ~» replay memory

P gradient descent ~» general model update algorithm
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Planning and Optimal Control 3. TD Policy Gradients: Actor-Critic Methods

B
TD Policy Gradients (Actor Critic) / Replay Memory i

1 learn-opt-policy-discounted-td-policygrad’(S, A, 7, Sterm, N, a):

2
3
4
5
6
7
8
9

10
11
12

13
14
15
16

initialize parameters 7 of value function V/
initialize parameters 6 of policy 7
D=0
for n:=1,...,N:
s := new_process()
while s # Sterm:

a:=m(s)

(r,s’) := execute_action(s, a)

D:=DU{(s,a,r,s)}

D} = {((s,a),r +vV(s)) | (s,a,r,s') € D}

D} := {(s, a, caseweight = r +yV(s') — V(s)) | (s,a,r,s') € D}
V := update-model(V, D))

/
7 := update-model(r, D}) where
o P new_process() sets up a new process.
Si=5S P execute_action(s, a) executes action a in process in

return state s.
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4. Deterministic Policy Gradients
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Planning and Optimal Control 4. Deterministic Policy Gradients

Policy Value

» for non-finite MDPs, use expected value over starting states (policy
value) to define optimality of a policy:

V(m) i= EamplVi(s)) = [ Vo (s)p(so)do
S0
= Espim ann(r(s, 2))
» policy gradient theorem is for stochastic policies
m:SxA—]0,1]

» is there a corresponding result for deterministic policies?

mT:S— A

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Planning and Optimal Control 4. Deterministic Policy Gradients

Deterministic Policy Gradients

v

stochastic policy gradient:

VV(71) = Esprann(Vo log 7(s, a;0) Q7 (s, a))

v

deterministic policy gradient:
VV(r) = Esuyr (Vor(s; 0)VaQ7 (s, 8) a=r(s))
» determinisitc policy gradient is limit of stochastic one:

lim VyV(r') = VoV(r), = stochastic policy, r deterministic policy

7=

v

see Silver et al. [2014]
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Planning and Optimal Control 4. Deterministic Policy Gradients

Overview
from what to learn
from episodes from transitions
:‘Ijrl:::?cion 4 Monte Carlo for V™ Temporal Differences TD
?ctlor} value Q™ | Monte Carlo for Q™ SARSA
g unction
8 optimal .
o action value Q7 Q Learning
-~
- function
S optimal - Monte Carlo Policy TD Policy Gradient /
policy Gradient / REINFORCE Actor Critic

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany



Planning and Optimal Control 4. Deterministic Policy Gradients

Summary

» Policy gradient methods parametrize the policy directly: 7(s; 0)
» instead of parametrizing the action-value function Q(s, a; 6)
and then deriving the policy as 7(s) := argmax, Q(s, a; ).

» Gradients of the value function can be computed from gradients of
the policy via the policy gradient theorem:

VoV (s0) Z,u s)ZVwa\s@Q“(s a)

» Combined with observed values (Monte Carlo approach), gradient
ascent for the (implicit) value function leads to a simple update rule
for the policy parameters 6 called REINFORCE:

0 :=0 + av,V logm(at | st)

» any baseline for the observed value can be used and often accelerates
convergence

» esp. using a current estimate for the value function as baseline.
6 =0 + O[(Vt - V(St))v |Og 7T(at | St)
Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany
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Planning and Optimal Control 4. Deterministic Policy Gradients

Summary (2/2)

» Instead of using observed values (MC approach), one also can
combine policy gradients with temporal differences (called actor
critic methods):

0 =0+ a(r: + w\A/(stH) — V(st))V log m(at | st)

» then besides the policy model (actor),
a second model for the value function (critic) is required.

Lars Schmidt-Thieme, Information Systems and Machine Learning Lab (ISMLL), University of Hildesheim, Germany

25



Planning and Optimal Control

Further Readings

» Reinforcement Learning:

» Olivier Sigaud, Frederick Garica (2010): Reinforcement Learning, ch. 1
in Sigaud and Buffet [2010].

» Sutton and Barto [2018]
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