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Abstract—Class imbalance is one of the challenging prob-
lems for machine learning algorithms. When learning from
highly imbalanced data, most classifiers are overwhelmed by
the majority class examples, thus, their performance usually
degrades. Many papers have been introduced to tackle this
problem including methods for pre-processing, internal classifier
processing, and post-processing – which mainly relies on the
posterior probabilities. Bayesian Network (BN) is known as a
classifier which can produce good posterior probabilities. In this
study, we propose methods to combine resampling techniques
with learning optimal threshold in BN to deal with imbalanced
data. Concretely, we first rebalance the datasets by using re-
sampling methods. We then learn the optimal threshold on the
posterior probabilities produced by some Bayesian classifiers
such as general BN, TAN, BAN, and Markov Blanket structure
on those data. We optimize the threshold for each classifier on
the holdout-set to maximize the F1-Measure, then using this
threshold for final classification. We also make these classifiers
become cost-sensitive by injecting the unequal misclassification
costs to the threshold. Our experimental results show that the
proposed methods significantly outperform the baseline Naive
Bayes. These methods also perform as good as the state-of-the-
arts and significantly better in certain cases.

I. INTRODUCTION

In binary classification problems, class imbalance is a
problem which the class distribution is far from the uni-
form distribution. This phenomenon appears in many machine
learning applications, such as credit card fraud detection,
intrusion detection, oil-spill detection, disease diagnosis, and
many other areas ([1], [2], [3]). Most classifiers in supervised
machine learning are designed to maximize the accuracy of
their models. Thus, when learning from imbalanced data,
they are usually overwhelmed by the majority class examples.
This is the main problem that degrades the performance of
such classifiers ([1], [2]). It is also considered as one of ten
challenging problems in machine learning research [4].

Researchers have introduced many techniques to deal with
class imbalance, as summarized in [1], [2]. These techniques
can be categorized into 3 main groups: Pre-processing, internal
processing, and post-processing. In the pre-processing group,
most of them focus on (re)sampling methods such as in [5],
[6]. In the internal classifier processing group, the algorithms
are specifically designed for specific classifiers such as SVM
[7], or C4.5 [8], or more [1], [2].

This work focuses on the last group – post-processing
method, which mainly relies on the posterior probabilities
produced by the classifiers. Many papers have been published
in this area such as meta cost-sensitive learning (CSL) ([9],
[10], [11]). Most of them have applied CSL to C4.5 ([10],
[9]), Naive Bayes (NB) ([12]), and support vector machines
[11]. Since the methods in this group are based on posterior
probabilities, it is important to know that which classifiers
that one choose should produce good probabilities. Moreover,
as discussed in ([13], [14]), averaging on probabilities can
produce results better than on voting the majority. Bayesian
Network (BN) is a good candidate for this choice, but as far
as we know, almost the literatures focused on SVM, C4.5,
and Naive Bayes, which has a strong assumption on the
independence among attributes given the class attribute. As
shown in [15], relaxing on this assumption can lead to the
better results. In this study, we propose methods which utilize
the Bayesian posterior probabilities to deal with imbalanced
data. Concretely, the contributions of this work are described
as the followings:

• In the first method, we first rebalance the dataset by
using sampling techniques1. We then optimize the de-
cision threshold of the posterior probabilities produced
by Bayesian Networks (e.g. general BN, TAN, BAN, and
Markov Blanket structure2) to maximize the F1-Measure.
Once the optimal threshold is archived, we use it for final
prediction.

• In the second method, instead of optimizing the decision
threshold on the holdout-set, we introduce a threshold
from a ratio of unequal misclassification costs.

• We compare these methods with not only the baseline, but
also the state-of-the-arts such as SMOTE and TOMEK
LINK.

Experimental results show that the proposed methods signifi-
cantly outperform the baseline, perform as good as the state-
of-the-arts and significantly better in certain cases.

1We can use any sampling method but in this study we experiment on
random undersampling, random oversampling, SMOTE [6], and TOMEK
LINK [5]

2We will review these methods in section IV



II. RELATED WORK

Previous works have tuned the decision threshold by some
different ways. [16] has experimented on the moving of deci-
sion threshold of the ROC curve and adjusted the cost matrix to
deal with unbalanced and unknown cost data. They compared
the results of C5.0, Nearest Neighbor, and Naive Bayes; In
[17], the authors used a method which varies from [10] called
Thresholding. This method uses C4.5 as a base classifier and
selects a proper threshold from training instances according
to the misclassification costs. The results are reported in term
of total cost and took the misclassification costs into account;
[18] proposed an ensemble of Naive Bayes classifiers with
an adjusted decision threshold trained on random undersam-
pling data to deal with class imbalance; while [11] proposed
combining sampling techniques with CSL.

Difference from the literature, we focus on BNs. At first, we
rebalance the datasets, then we locally optimize the decision
threshold (as well as employ the misclassification costs to the
threshold) on the posterior probabilities produced by several
BNs to deal with class imbalance.

III. DEALING WITH CLASS IMBALANCE

A. Main Techniques

To deal with imbalanced datasets, many techniques have
been introduced as summarized in ([1], [2]). We will briefly
introduce some techniques which are used in this study.

Random oversampling (ROS) is a non-heuristic method
used to balance class distribution by randomly duplicating the
minority class examples, while random undersampling (RUS)
randomly eliminates the majority class examples.

Tomek’s Link (TLINK) [5] is a method for cleaning data.
Given two examples ei and ej belonging to different classes,
d(ei, ej) be the distance between ei and ej . A pair (ei, ej)
is called a TLINK if there is no example el such that
d(ei, el) < d(ei, ej) or d(ej , el) < d(ei, ej). If there is a
TLINK between 2 examples, then either one of these is noise
or both of them are borderline examples. We want to use
TLINK as undersampling method, so only majority examples
are removed.

The Synthetic Minority Oversampling Technique (SMOTE)
is an oversampling method introduced by [6] which generates
new artificial minority examples by interpolating between the
existing minority examples. This method first finds the k
nearest neighbors of each minority example; next, it selects a
random nearest neighbor. Then a new minority class sample is
created along the line segment joining a minority class sample
and its nearest neighbor.

Another approach is cost-sensitive learning (CSL), which
takes the misclassification costs into account. Most classi-
fiers assume that the misclassification costs are the same.
In most real-world applications, this assumption is not true.
For example, the cost of misclassifying a non-terrorist as
terrorist is much lower than the cost of misclassifying an actual
terrorist who carries a bomb to a flight; or in cancer diagnosis,
misclassifying a cancer is much more serious than the false

alarm since the patients could lose their life because of a late
diagnosis and treatment [17]. Cost is not necessarily monetary,
for examples, it can be a waste of time or even the severity
of an illness [10].

This study focuses on binary classification problems. We
denote the positive (+ or +1) as the minority, and the negative
(− or −1) as the majority. Let C(i, j) be the cost of predicting
an example belonging to class i when in fact it belongs to class
j, then the cost matrix is defined in Table I-B.

TABLE I
A. CONFUSION MATRIX (LEFT) AND B. COST MATRIX (RIGHT)

Predict
+ −

Actual
+ TP FN
− FP TN

Predict
+ −

Actual
+ C(+, +) C(−, +)
− C(+,−) C(−,−)

Given the cost matrix, the minimum expected loss can be
determined by Bayes risk as in Eq. (1), where P (j|x) is the
posterior probability of classifying an example x as class j.

R(i|x) =
∑

j∈{−,+}
P (j|x)C(i, j) (1)

Difference from [10], we do not take “profit” into account,
so we assume that there are no costs (or profits) for correct
classifications. The cost threshold is introduced as in the
following:

Lemma 1: Given the cost matrix (or cost ratio), a threshold
for the classifier can be determined by θ = C(+,−)

C(+,−)+C(−,+)

and a new example can be classified as positive if P (+|x) > θ.
Proof: To classify as positive, an example x must be

satisfied R(+|x) < R(−|x), substitute this expression by
Eq. 1, we will have P (−|x)C(+,−) + P (+|x)C(+,+) <
P (−|x)C(−,−) + P (+|x)C(−,+). Since C(+,+) = 0
and C(−,−) = 0, this reduced to P (−|x)C(+,−) <
P (+|x)C(−,+), equivalent to (1 − P (+|x))C(+,−) <

P (+|x)C(−,+) lead to P (+|x) > C(+,−)
C(+,−)+C(−,+) , or

P (+|x) > θ �

B. Evaluation Metrics

When evaluating on imbalanced data, the accuracy metric
becomes useless. For example, suppose a dataset has 990
negative and only 10 positive examples (these minorities are
usually the interest one). Since most classifiers are designed
to maximize their accuracy, in this case, they will classify all
examples belong to the majority class to get the maximum of
99% accuracy. However, this result has no meaning because all
the positive examples are misclassified. To evaluate the model
in such case, researchers usually use F-Measure and the area
under the ROC curve (AUC), which are related to some other
metrics described in the following.

The Recall (R), also called true positive rate (TPR), is a
proportion of positive examples correctly classified as belong-
ing to the positive class, determined by R = TP/(TP +FN).
The Precision (P) is the positive predictive value determined
by P = TP/(TP + FP ). F-Measure is an evaluation metric



which considers both the Recall and the Precision (β is usually
set equal to 1, called F1-Measure). F-Measure = (1+β2)×P×R

(β2×P+R)

Another metric is GMean (GMean =
√

TNR× TPR),
which balances both true positive rate (TPR) and true negative
rate (TNR). We will use these metrics to evaluate our models
in section VI-B.

IV. BAYESIAN NETWORK CLASSIFIERS

A. Bayesian Networks

Fig. 1. Bayesian Network types

Bayesian Network (BN) is defined by a pair B = 〈G,Θ〉,
where G is the directed acyclic graph with a set of nodes
X = (x1, x2, . . . , xn) represent random variables, and edges
represent the direct dependencies between these variables, and
Θ is a set of parameters of the network [15].

Naive Bayes (NB) is a type of BN which has assumptions
that all the variables are conditionally independent given the
class variable and are directly dependent on the class variable,
as in Fig. 1a3.

Tree Augmented Naive Bayes (TAN) [15] relaxes the as-
sumption in NB by allowing arcs between the children of the
target node, as in Fig. 1b.

Bayesian Network Augmented Naive Bayes (BAN) [20] is
a BN which all other nodes are children of the target node, but
a complete BN is constructed between the child nodes rather
than just a tree as in TAN [19].

The Markov Blanket Bayesian Classifier (MB) [19] is a
BN which has Markov Blanket property at a target node. The
Markov Blanket for a node in BN consists of its parents, its
children, and the parents of its children, as in Fig. 1d.

B. Learning in Bayesian Networks

Like other literatures [15], [20], [19], [21], this study
focuses on the discrete and non-missing value variables4. The
learning tasks in BN consist of two steps. The first step is to
learn the network structure and the second step is to compute
the conditional probability tables (CPTs).

To learn the structure BS of the BN, we can consider it
as an optimization problem [21] and need to maximize the
quality measure Q of BS given dataset D. In this study, we
use the Bayesian metric as a quality measure, determined by
the following equation:

Q(BS |D) = P (BS)
n∏

i=1

qi∏
j=1

Γ(N ′
ij)

Γ(N ′
ij + Nij)

ri∏
k=1

Γ(N ′
ijk + Nijk)
Γ(N ′

ijk)
(2)

3Picture sources: [19] and Wikipedia (en.wikipedia.org)
4We can discretize the numeric attributes, and replace all missing values

for nominal and numeric attributes with the modes and means, respectively.

where P (BS) is prior probability of BS ; n is the number of
variables; Γ is a Gamma function; ri and qi are the cardinality
of node xi and a set of its parents Πi, respectively; Nij is
|D| for which Πi takes its jth value; Nijk is |D| for which
Πi takes its jth value and for which xi takes its kth value;
Nij =

∑ri

k=1 Nijk; N ′
ij and N ′

ijk represent choices of priors
on counts restricted by N ′

ij =
∑ri

k=1 N ′
ijk [21]. Since P (BS)

is constant, to maximize Q, we just need to maximize the
second inner product in Eq. (2) as the following

Ψ =
qi∏

j=1

Γ(N ′
ij)

Γ(N ′
ij + Nij)

ri∏
k=1

Γ(N ′
ijk + Nijk)
Γ(N ′

ijk)
(3)

To do this, we use K2 algorithm [22] which initially assumes
that a node has no parents, and then adding incrementally
its parent that can increase the probability of the resulting
network. This process repeats greedily until the addition of
the parent does not increase the network structure probability.
Concretely, each iteration of K2, an arc is added to node u
from the node v that maximizes Ψ(u,Πu ∪ v), where Πu is
the set of parents of node u. If Ψ(u,Πu) > Ψ(u,Πu∪v) then
no arc is added [19].

After BS is learned, the CPTs can be estimated by:

P (xi = k|Πxi
= j) =

Nijk + N ′
ijk

Nij + N ′
ij

(4)

Once having the CPTs, one can infer for any new event.
The probability of an arbitrary event X = (x1, x2, . . . , xn) is
determined by

P(X) = P(x1, x2, . . . , xn) =
n∏

i=1

P(xi

∣∣Πxi

)
(5)

Given a dataset D consists of a target y and a set of
attributes X = (x1, x2, . . . , xn), we can infer the class for
y by calculating the arg maxy(P(y|X)) from the probability
distribution of Eq. (5)5.

V. PROPOSED METHODS

We propose 2 methods for dealing with imbalanced data.
We implement these methods using WEKA6.

• Method 1: We first rebalance the datasets by using sam-
pling techniques (e.g. ROS, RUS, SMOTE, or TLINK).
We then locally optimize the threshold θ to maximize
the F1-Measure (maximize the Recall for the minority
class but also taken into account the Precision to prevent
the degradation of the overall model). Once having an
optimal θ, we use it for the final classification. We
experiment this method on several BNs such as general
BN, TAN, BAN, and Markov Blanket BN classifier,
which named as BN-Opt, TAN-Opt, BAN-Opt, and MB-
Opt respectively.

• Method 2: Instead of optimizing the threshold, we use
the cost threshold in Lemma 1 and learn on original data.
This method is called BNCost.

5The interesting readers can read the article [15] for details
6www.cs.waikato.ac.nz/ml/weka



• We compare these methods with not only the baseline
Naive Bayes but also the state-of-the-art SMOTE and
TLINK.

1: procedure LEARN-R-OPT-BNS(DTrain,DTest,Φ, μ,Θ)
Input: DTrain with xi ∈ X , target yi ∈ {−1,+1}

Φ ∈ {BN, TAN, BAN, BN Markov Blanket}
μ ∈ {SMOTE, TLINK, ROS, RUS}
Θ ∈ {Sampling percentages}

Outputs: Label for new example x∗ in DTest

2: for each δ ∈ Θ do
3: DTrainμδ ← GenerateDistribution(DTrain, μ, δ)
4: θ ← OptimizeThreshold(DTrainμδ,Φ)
5: θ∗ ← Update the best value of D∗

Trainμδ

6: end for
7: Learn BN structures and CPTs as in Eq. (2, 3, 4)

P(x1, x2, . . . , xn)←
(

n∏
i=1

P(xi

∣∣Πi

)
;xi ∈ D∗

Trainμδ; Φ

)

8: Test for new example x∗ from DTest

H(x∗)← I(P(j = +1|x∗) > θ∗
)

9: end procedure

Fig. 2. Learning BNs with optimal threshold on resampling data

The proposed methods are formulated in Fig. 2, called
Learn-R-Opt-BNs. At first, we apply sampling technique on
the train set to generate new datasets with more balanced
distributions; then, we optimize the threshold of BN Φ to max-
imize the F1-measure as in lines 2-6. The optimal threshold
θ∗ and D∗

Trainμδ are recorded. The next steps are to learn the
structure of that BN and compute the CPTs as in line 7. Once
the CPTs are constructed, we can use them for inferring new
examples in the test set as in line 8. The indicator function I(.)
gives the positive class if the expression is true and negative
class for the inverse. The θ∗ value can be the optimal threshold
for the first method or the cost threshold (Lemma 1) for the
second method. Please note that in the second method, most
datasets do not have the cost matrix (or cost ratio), so we
assumed the cost ratio from the set {21, 22, 24, 26, 28}. (This
assumption is also done in many other studies [9], [17], [11]).
We locally search for the best ratio in this set and apply it to
the final prediction as in [11].

In Fig. 3, we do 5-folds cross-validation on the holdout
set to get the average prediction scores (line 4) and get the
unique values from those scores (line 5) for the minority class.
We then consider each score value as a threshold and re-
calcualte the F1-Measure. We update the threshold which has
the maximal F1 value (line 7-13). We can treat this threshold
as a hyperparameter and do the hyperparameter search as in
([3], [11]), but this method need more times than the current
one.

1: procedure OPTIMIZETHRESHOLD(DTr,Φ)
Input: dataset DTr, Bayesian Network Φ
Outputs: the best threshold for F1Measure (F1)

2: (DLocalTrain,DV al)← DTr � split for 5-folds CV

3: M← buildLocalModel(DLocalTrain,Φ)
4: predictionScores← testLocalModel(M,DV al,Φ)
5: UniqueScores← Unique-Values(predictionScores)
6: bestF1← 0; bestThreshold← 0
7: for each curThreshold ∈ UniqueScores do
8: currentF1← Calculate F1 using curThreshold
9: if (currentF1 > bestF1) then

10: bestF1← currentF1
11: bestThreshold← curThreshold
12: end if
13: end for
14: return bestThreshold
15: end procedure

Fig. 3. Optimize the threshold on the holdout-set

VI. EXPERIMENTAL RESULTS

A. Datasets

We have experimented on 16 imbalanced datasets collected
from the UCI repository7, as described in Table II. Some multi-
class datasets are converted to binary-class using one-versus-
the-rest. We encode the class which has the smallest number
of examples as the minority (positive) class, and the rest as
the majority (negative) one. The imbalance ratio ranges from
1.77 to 64.03.

TABLE II
DATASETS

Dataset #Examples #Attributes #Minority Imba. Ratio
Abalone 4,177 9 391 9.68
Allbp 2,800 30 133 20.05
Allhyper 3,772 30 102 35.98
Allrep 3,772 30 124 29.45
Ann 7,200 22 166 42.37
Anneal 898 39 40 21.45
Breastcancer 699 11 241 1.90
Diabetes 768 9 268 1.86
Dis 3,772 30 58 64.03
Heartdisease 294 14 106 1.77
Hypothyroid 3,163 26 151 19.95
IJCNN 49,990 22 4,853 9.70
Nursery 12,960 9 328 38.51
Pima-Indian 768 9 268 1.87
Sick 2,800 30 171 15.37
Transfusion 748 5 178 3.20

B. Results

We use the paired t-tests (2-tails) with significance level
0.05 for all the experiments. The results are averaged from
5-folds cross-validation. We do the hyperparameter search to
determine the best cost ratio from the set {21, 22, 24, 26, 28}8.

7http://archive.ics.uci.edu/ml/
8We point the interesting readers to the article [11] for more details



Tables III presents the detailed results of F1-Measure and
averaged results of other metrics when using SMOTE as a
sampling method in Learn-R-Opt-BNs. We report the results of
the proposed methods together with 4 other classifiers: Naive
Bayes, general BN, SMOTE, and TLINK without optimizing
the threshold.

In the first experiment, we use Naive Bayes as a baseline.
We can observe that all the remaining methods can win this
baseline easily. From this experiment, we recognize that Naive
Bayes does not work well. The reason could be because of its
independent assumption, as discussed in the literature ([15],
[19]). Because of this reason, in the remaining experiments, we
use general BN as a base classifier9 for SMOTE and TLINK.
Three “w/t/l” rows mean that we check the significantly
different results (win/tie/lose) of the remaining methods with
the “base”. Clearly, the proposed method MB-Opt, TAN-Opt,
and BAN-Opt outperform the SMOTE 7 significant results
out of 16 datasets (7/9/0). The MB-Opt gives the best average
result of F1-Measure among the others.

Please note that in this work, we just optimized the results
for F1-Measure, but for referencing, we also report the AUC,
GMean, and Recall on average. The average results of AUC
and GMean show that MB-Opt, again, is the best classifier
among the others.

Table IV-A, IV-B, and IV-C show the results of using
TLINK, ROS, and RUS as a sampling method in Learn-R-
Opt-BNs, respectively. Because of limitation in the space, we
just show the averaged results. The MB-Opt and BAN-Opt
also outperform the other methods.

From these results, we recognize that the BAN-Opt can per-
form better if we remove “noise” and “borderline” examples
by using TLINK or remove randomly by RUS, while the MB-
Opt requires more artificial data generated by SMOTE or ROS
to get better performance.

VII. CONCLUSION

This study introduces two methods which utilize the
Bayesian posterior probabilities to deal with imbalanced data.
We experiment these methods on several Bayesian classifiers
such as general BN, TAN, BAN, and Markov Blanket BN clas-
sifier. In the first method, we rebalance the datasets by using
sampling techniques. We then locally optimize the threshold
to maximize the F1-Measure (maximize the Recall but also
take into account the Precision to avoid the degradation of
overall model). Once the optimal threshold is found, we use it
for final classification. The second method injects the unequal
misclassification costs to the threshold. Experimental results
show that the proposed methods significantly outperform the
baseline Naive Bayes. They also perform as good as the state-
of-the-art methods and significantly better in certain cases.
Thus, these methods can be good candidates for learning
from imbalanced data. In future work, we will analyze more
details on the results and compare the proposed methods when
learning on original datasets.

9SMOTE and TLINK are sampling methods, so they need a base classifier
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